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Abstract

We show that general triple planes with pg = q = 0 belong to at most 12 families, that we call
surfaces of type I, . . . , XII, and we prove that the corresponding Tschirnhausen bundle is direct sum
of two line bundles in cases I, II, III, whereas is a rank 2 Steiner bundle in the remaining cases.

We also provide existence results and explicit descriptions for surfaces of type I, . . . , VII, recov-
ering all classical examples and discovering several new ones. In particular, triple planes of type
VII provide counterexamples to a wrong claim made in 1942 by Bronowski.

Finally, in the last part of the paper we discuss some moduli problems related to our construc-
tions.

Introduction

A triple plane is a finite triple cover f : X −→ P2. Let B ⊂ P2 be the branch locus of f ; then we say
that f is a general triple plane if the following conditions are satisfied:

(i) f is unramified over P2\B;

(i i) f ∗B = 2R+ R0, where R is irreducible and non-singular and R0 is reduced;

(i i i) f|R : R −→ B coincides with the normalization map of B.

The aim of this paper is to classify those smooth, projective surfaces X with pg(X ) = q(X ) = 0
that arise as general triple planes. Some result in this direction were obtained by Du Val in [DuVal33]
and [DuVal35], where he described the triple planes with branch curve of degree at most 14. Du Val’s
paper are written in the old (and sometimes difficult to read) “classical" language and make use of
ad-hoc constructions based on synthetic projective geometry. The methods that we propose here are
completely different, in fact they are a mixture of adjunction theory and vector bundles techniques.
This allows us to treat this problem in a unified way.

The first cornerstone in our work is the general structure theorem for triple covers given in [Mi85]
and [CasEk96]. More precisely, we relate the existence of a triple cover f : X → P2 to the existence
of a “sufficiently general" element η ∈ H0(Y, S3E∗ ⊗ ∧2E), where E is a rank 2 vector bundle on
P2 such that f∗OX = OY ⊕ E. It is called the Tschirnhausen bundle of the cover, and the pair (E, η)
completely encodes the geometry of f . For instance, setting b := −c1(E) and h := c2(E), the branch
curve B has degree 2b and contains 3h ordinary cusps as only singularities, see Proposition 2.4.

So we can try to study triple planes with pg = q = 0 by analyzing their Tschirnhausen bundles. In
fact, we show that these triple planes can be classified in (at most) 12 families, that we call surfaces
of type I, II,. . ., XII. We are also able to show that surfaces of type I, II, . . ., VII actually exist. In the
cases I, II, . . ., VI we rediscover (in the modern language) the examples described by Du Val. On the
other hand, not only the triple planes of type VII (which have sectional genus equal to 6 and branch
locus of degree 16) are completely new, but they also provide explicit counterexamples to a wrong
claim made by Bronowski in [Br42], see Remark 2.8.
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A key point in our analysis is the fact that in cases I, II, III the bundle E splits as the sum of two
line bundles, whereas in the remaining cases IV, . . .,XII it is indecomposable and it has minimal free
resolution

0 −→ OP2(1− b)b−4 −→ OP2(2− b)b−2 −→ E −→ 0.

This shows that E is a so-called Steiner bundle (see Subsection 1.4 for more details on this topic),
so we can use all the known results about Steiner bundles in order to get information on X . For
instance, in cases VI and VII the geometry of the triple plane is strictly related to the existence of
unstable lines for E, see Subsections 3.6, 3.7.

The second main ingredient in our classification procedure is adjunction theory, see [SoV87],
[Fu90]. For example, if we write H = f ∗L, where L ⊂ P2 is a general line, we prove that the divisor
D = KX +2H is very ample (Proposition 2.9), so we consider the corresponding adjunction mapping

ϕ|KX+D| : X −→ P(H0(X , OX (KX + D))).

Iterating the adjunction process if necessary, we can achieve further information about the geometry
of X . Furthermore, when b ≥ 7 a more refined analysis of the adjunction map allows us to start the
process with D = H, see Remark 2.18.

As a by-product of our classification, it turns out that triple planes f : X → P2 with sectional genus
0≤ g(H)≤ 5 (i.e., those of type I, . . . , VI) can be realized via an embedding of X into Gr(1, P3) as a
surface of bidegree (3, n), such that the triple covering f is induced by the projection from a general
element of the family of planes of Gr(1, P3) that are n-secant to X . In this way, we relate our work to
the work of Gross [G93], see Remarks 3.2, 3.4, 3.6, 3.10, 3.12, 3.15. On the other hand, this is not
true for surfaces of type VII: here the only case where the triple cover is induced by an embedding
in the Grassmannian is (VII.7), where X is a Reye congruence, namely an Enriques surface having
bidegree (3, 7) in Gr(1, P3), see Remark 3.19.

We have not been able so far to use our method beyond case VII; thus the existence of surfaces of
type VIII, . . . , XII is still an open problem. Furthermore, there are some interesting unsettled questions
also in case VII, especially regarding the number of unstable conic for the Tschirnhausen bundle, see
Subsection 3.7.2 for more details. We plan to investigate them in the future.

Let us explain now how this work is organized. In Section 1 we set up notation and terminology
and we collect the background material which is needed in the sequel of the paper. In particular, we
recall the theory of triple covers based on the study of the Tschirnhausen bundle (Theorems 1.2 and
1.3) and we state the main results on adjunction theory for surfaces (Theorem 1.4).

In Section 2 we start the analysis of general triple planes f : X −→ P2 with pg(X ) = q(X ) = 0.
We compute the numerical invariants (degree of the branch locus, number of its cusps, K2

X , sectional
genus) for the surfaces in the 12 families I, . . . , XII (Proposition 2.11) and we describe their Tschirn-
hausen bundle (Theorem 2.12).

Section 3 is devoted to the detailed description of surfaces of type I, . . . , VII. This description leads
to a complete classification in cases I, . . . , VI (Propositions 3.1, 3.3, 3.5, 3.7, 3.11, 3.14) whereas in
case VII we provide many examples, leaving only few cases unsolved (Proposition 3.17).

Finally, in Section 4 we study some moduli problems related to our constructions.
Part of the computations in this paper was carried out by using the Computer Algebra System

Macaulay2, see [Mac2]. All the scripts can be downloaded from the web-page of the second author:
https://sites.google.com/site/francescopolizzi/publications.
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1 Preliminaries

1.1 Notation and conventions

We work over the field C of complex numbers. By “surface” we mean a projective, non-singular
surface S, and for such a surface ωS = OS(KS) denotes the canonical class, pg(S) = h0(S, KS) is the
geometric genus, q(S) = h1(S, KS) is the irregularity and χ(OS) = 1−q(S)+pg(S) is the holomorphic
Euler-Poincaré characteristic. We write Pm(S) = h0(S, mKS) for the m-th plurigenus of S.

Following [Har92, Lecture 8], if k ≤ n are positive integers we denote by Sk, n the rational normal
scroll of type (k, n) in Pk+n+1. In particular, a cone over a rational normal curve C ⊂ Pn may be
taught of as the scroll S0, n ⊂ Pn+1.

For n≥ 1, we write Fn for the Hirzebruch surface P(OP1 ⊕OP1(n)); every divisor in Pic(Fn) can
be written as ac0+ bf, where f is the fibre of the P1-bundle map Fn→ P1 and c0 is the unique section
with negative self-intersection, namely c2

0 = −n. Note that the morphism Fn→ Pn+1 associated with
the tautological linear system |c0+ nf| contracts c0 to a point and is an isomorphism outside c0, so its
image is the cone S0, n.

For n = 0, the surface F0 is isomorphic to P1 ×P1; every divisor in Pic(P1 ×P1) is written as
a1 L1 + a2 L2, where the Li are the two rulings.

The blow-up of P2 at the points p1, . . . , pk is denoted by P2(p1, . . . , pk). If σ : eX → X is the blow-
up of a surface X at k points, with exceptional divisors E1, . . . , Ek, and L is a line bundle on X , we
will write L +

∑

ai Ei instead of σ∗L +
∑

ai Ei .
We will usually write the Chern classes of vector bundles on P2 as integers. We use everywhere

the symbol “∗" for the dual and “S" for the symmetric powers. So, for instance, the dual of a vector
bundle E is indicated by E∗ and its second symmetric power by S2E.

1.2 Triple covers and sections of vector bundles

A triple cover is a finite flat morphism f : X → Y of projective varieties, whose fibres have degree 3;
we assume that X and Y are smooth and irreducible. With such cover is associated an exact sequence

0 −→ OY −→ f∗OX −→ E −→ 0, (1)

where E is a vector bundle of rank 2 on Y , called the Tschirnhausen bundle of f .

Proposition 1.1. The following holds:

(i) f∗OX = OY ⊕E;

(i i) f∗ωX =ωY ⊕ (E∗ ⊗ωY );

(i i i) f∗ω
2
X = S2E∗ ⊗ω2

Y .

Proof. The trace map yields a splitting of sequence (1), hence (i) follows. Duality for finite flat
morphisms implies f∗ωX = ( f∗OX )∗⊗ωY , hence we obtain (ii). For (iii) see [Pa89, Lemma 8.2].

In order to reconstruct f from E we need some extra data, namely a section of S3E∗ ⊗ ∧2E.
Moreover, we can naturally see X as sitting into the P1-bundle P(E∗) over Y . This is the content of
the next two results, see [Mi85,CasEk96,FS01].

Theorem 1.2. Any triple cover f : X −→ Y is determined by rank 2 vector bundle E on Y and a global
section η ∈ H0(Y, S3E∗ ⊗ ∧2E), and conversely. Moreover, if Y is smooth and S3E∗ ⊗ ∧2E is globally
generated, its general section η defines a triple cover f : X −→ Y with X smooth.

Theorem 1.3. Let f : X −→ Y be a triple cover, with X and Y smooth varieties. Then there exists a
unique embedding i : X −→ P(E∗) such that the following diagram commutes:

X
f //

i %%
Y

P(E∗)
π

99

3



According to Theorem 1.2, this embedding induces an isomorphism of X with the zero-scheme D0(η) ⊂
P(E∗) of a global section η of the line bundle OP(E∗)(3)⊗π∗(∧2E).

1.3 Adjunction theory

We refer to [So79,SoV87,LaPa84,DES93,BeSo95] for basic material on adjunction theory.

Theorem 1.4. Let X ⊂ Pn be a smooth surface and D its hyperplane class. Then |KX +D| is non-special
and has dimension N = g(D) + pg(X )− q(X )− 1. Moreover

(A) |KX + D|=∅ if and only if

(1) X ⊂ Pn is a scroll over a curve of genus g(D) = q(X ) or

(2) X = P2, D = OP2(1) or D = OP2(2).

(B) If |KX + D| 6=∅ then |KX + D| is base-point free. In this case (KX + D)2 = 0 if and only if

(3) X is a Del Pezzo surface and D = −KX (in particular X is rational ) or

(4) X ⊂ Pn is a conic bundle.

If (KX + D)2 > 0 then the adjunction map

ϕ|KX+D| : X −→ X1 ⊂ PN

defined by the complete linear system |KX + D| is birational onto a smooth surface X1 of degree
(KX + D)2 and blows down precisely the (−1)-curves E on X with DE = 1, unless

(5) X = P2(p1, . . . , p7), D = 6L −
∑7

i=1 2Ei ,

(6) X = P2(p1, . . . , p8), D = 6L −
∑7

i=1 2Ei − E8,

(7) X = P2(p1, . . . , p8), D = 9L −
∑8

i=1 3Ei ,

(8) X = P(E), where E is an indecomposable rank 2 vector bundle over an elliptic curve and
D = 3B, where B is an effective divisor on X with B2 = 1.

We can apply Theorem 1.4 repeatedly, obtaining a sequence of surfaces and adjunction maps

X =: X0
ϕ1−→ X1

ϕ2−→ X2 −→ · · · −→ Xn−1
ϕn−→ Xn −→ · · ·

At each step we must control the numerical data arising from the adjunction process. We have

(Di+1)
2 = (KX i

+ Di)
2, KX i+1

Di+1 = (KX i
+ Di)KX i

.

For the computation of
(KX i+1

)2 = (KX i
)2 +αi

we also need to know the number αi of exceptional lines on X i , i.e. the number of smooth curves
E ⊂ X i such that KX i

E = E2 = −1, ED = 1. Notice that by the Hodge Index Theorem ( [H77, Exercise
1.9 p. 368]) we have

det
�

(Di)2 KX i
Di

KX i
Di (KX i

)2

�

≤ 0

and the equality holds if and only if KX i
and Di are numerically dependent.

Proposition 1.5. Let E ⊂ Xn−1 be a curve contracted by the n-th adjunction map ϕn : Xn−1 −→ Xn, and
set ψ := ϕn−1 ◦ϕn−2 ◦ · · · ◦ϕ1 and E∗ :=ψ∗E. Then we have

(E∗)2 = −1, KX E∗ = −1, DE∗ = n.
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Proof. Since E is contracted by ϕn, we have E2 = −1, KXn−1
E = −1, Dn−1E = 1. The map ψ is

birational, so (E∗)2 = E2 = −1. Moreover

ψ∗KX = KXn−1
, ψ∗D = Dn−1 − (n− 1)KXn−1

.

Applying the projection formula we obtain

KX E∗ = (ψ∗KX )E = KXn−1
E = −1;

DE∗ = (ψ∗D)E = (Dn−1 − (n− 1)KXn−1
)E = n.

1.4 Steiner bundles

1.4.1 Steiner sheaves and their projectivization

Let U , V and W be C-vector spaces. Consider the projective spaces P(V ) = Proj(V ∗) and P(U) =
Proj(U∗), and identify V and U with H0(P(V ),OP(V )(1)) and H0(P(U),OP(U)(1)), respectively. An
element φ of U ⊗ V ⊗W gives rise to two maps

W ∗ ⊗OP(V )(−1)
Mφ

−→ U ⊗OP(V ), W ∗ ⊗OP(U)(−1)
Nφ
−→ V ⊗OP(U). (2)

Set F := coker Mφ . We say that F is a Steiner sheaf, and we denote its projectivization by P(F); this
is a projective bundle precisely when F is locally free. Let p : P(F)→ P(V ) be the bundle map and
OP(F)(ξ) be the tautological relatively ample line bundle on P(F), so that

H0(P(F),OP(F)(ξ))' H0(P(V ),F)' U .

Since F is a quotient of U ⊗OP(V ), we get a natural embedding

P(F) ⊂ P(U ⊗OP(V ))' P(V )×P(U).

The map q associated with the linear system |OP(F)(ξ)| is just the restriction to P(F) of the sec-
ond projection from P(V )×P(U). On the other hand, setting ` := p∗(OP(V )(1)), the linear system
|OP(F)(`)| is naturally associated with the map p. In this procedure the roles of U and V can be
reversed. In other words, setting G = coker Nφ , we get a second Steiner sheaf, this time on P(U),
and a second projective bundle P(G) with maps p′ and q′ to P(U) and P(V ), respectively. So we
have two incidence diagrams

P(F)
q
%%

p
zz

P(V ) P(U),

P(G)
q′

%%
p′

zz
P(U) P(V ).

The link between P(F) and P(G) is provided by the following

Proposition 1.6. Let φ ∈ U ⊗ V ⊗W and set m= dim W. Then:

(i) the schemesP(F) andP(G) are both identified with the same m-fold linear section ofP(V )×P(U).
Moreover, under this identification, q = p′ and p = q′;

(i i) for any non-negative integer k, there are natural isomorphisms :

p∗q
∗(OP(U)(k))' SkF, q∗p

∗(OP(V )(k))' SkG.

Proof. Set M := Mφ . By construction, the scheme P(F) is defined as the set

P(F) = {([v], [u]) ∈ P(V )×P(U) | u ∈ coker Mv},
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where v : V → C (resp. u: U → C) is a 1-dimensional quotient of V (resp. of U) and Mv : W ∗ → U
is the evaluation of M at the point [v]. Now, we get that u is defined on coker Mv if and only if
u ◦Mv = 0. This clearly amounts to require (u ◦Mv)(w) = 0 for all w ∈W ∗, that is u⊗ v ⊗w(φ) = 0
for all w ∈W ∗. Summing up, we have

P(F) = {([v], [u]) | u⊗ v ⊗w(φ) = 0 for all w ∈W ∗}. (3)

The same argument works for P(G) by interchanging the roles of v and v, hence P(F) and P(G)
are both identified with the same subset of P(V ) ×P(U). Since each element wi of a basis of W ∗

gives a linear equation of the form u⊗ v ⊗wi(φ) = 0, we have that P(F) is an m-fold linear section
(of codimension m or smaller) of P(V )×P(U).

Note that, in view of the identification above, the map p is just the projection from P(V )×P(U)
onto P(V ), restricted to the set given by (3). The same holds for q′, hence we are allowed to identify
p and q′. Analogously, both q and p′ are given as projections onto the factor P(V ). We have thus
proved (i). Now let us check (ii). For any non-negative integer k we have

q∗(OP(U)(k))' OP(F)(kξ),
p∗(OP(V )(k))' (q′)∗(OP(V )(k))' OP(G)(kξ

′),

where ξ′ is the tautological relatively ample line bundle on P(G). Therefore the claim follows from
the canonical isomorphisms

p∗(OP(F)(kξ))' SkF, p′∗(OP(G)(kξ
′))' SkG.

Remark 1.7. We can rephrase the content of Proposition 1.6 by using coordinates as follows. Let us
consider bases

{zi}, {x j}, {yk}

for U , V , W , respectively. With respect to these bases, the tensor φ ∈ U ⊗ V ⊗W will correspond to
a trilinear form

φ =
∑

ai jkzi x j yk.

Then φ induces two linear maps of graded vector spaces

W ∗ ⊗ S(V )[−1]→ U ⊗ S(V ), W ∗ ⊗ S(U)[−1]→ V ⊗ S(U),

both defined as

w⊗Φ→
�

∑

ai jkzi x j yk(w)
�

Φ,

where Φ ∈ S(V ), resp. Φ ∈ S(U). The sheafification of these maps gives precisely the two maps of
vector bundles Mφ and Nφ written in (2), whose defining matrices of linear forms are

�

∑

j
ai jk x j

�

ik
and

�

∑

i
ai jkzi

�

jk
,

respectively. Thus the Steiner sheaves P(F) and P(G) are both identified with the zero locus of the
following m bilinear equations in P(V )×P(U) :

∑

i, j
ai j1zi x j = 0, . . . ,

∑

i, j
ai jmzi x j = 0.

6



1.4.2 Unstable lines

Let us assume now dim V = 3 and consider a Steiner bundle F of rank 2 on P2 = P(V ). To be
consistent with the notation that will appear later, we set dim U = b − 2 and dim W = b − 4, for
b ≥ 4, and we write Fb instead of F. The minimal resolution of Fb is then

0 −→ OP2(−1)b−4 M
−→ Ob−2

P2 −→ Fb −→ 0, (4)

where M is a (b− 2)× (b− 4) matrix of linear forms.

Definition 1.8. A line L ⊂ P2 is said to be unstable for Fb if

Fb|L = OL ⊕OL(b− 4).

Here are other useful characterizations of unstable lines.

Lemma 1.9. The following are equivalent:

(i) L ⊂ P2 is an unstable line for Fb;

(i i) H0(L, F∗b|L) 6= 0;

(i i i) there is a nonzero global section of Fb whose vanishing locus contains b−4 points of L (counted with
multiplicity).

Proof. We first observe that, given a line L ⊂ P2, the restriction of (4) to L yields

0 −→ OL(−1)b−4 M
−→ Ob−2

L −→ Fb|L −→ 0. (5)

Hence h0(P2, Fb) = h0(L, Fb|L) = b− 2, in particular all the global sections of Fb|L are obtained by
restricting the global sections of Fb to L. We can now prove our chain of implications.

(i)⇔ (i i). There is an integer a such that Fb|L = OL(a)⊕OL(b−4− a), and since Fb is globally
generated we have 0 ≤ a ≤ b − 4. Condition (i) corresponds to a = 0 or a = b − 4, and this clearly
implies (i i). Conversely, if (i i) holds, then a ≤ 0 or a ≥ b−4; this implies either a = 0 or a = b−4,
hence (i) holds.

(i i)⇔ (i i i). If (i i) holds, there is a short exact sequence

0→ OL → F∗b|L → OL(4− b)→ 0,

so by dualizing we get
0→ OL(b− 4)

ι
→ Fb|L → OL → 0. (6)

Composing ι with a non-zero map OL → OL(b− 4), we obtain (i i i).
Conversely, assume that (i i i) holds. Then there is a section s of Fb whose vanishing locus Z

contains a subscheme of L of length b − 4. Applying the functor ⊗OP2OL to the exact sequence
0→ IZ(b− 4)→ OP2(b− 4)→ OZ → 0, we get

0→ TorOP2

1 (OZ , OL)→ IZ(b− 4)|L → OL(b− 4)→ OZ∩L → 0

and from this, using the isomorphism TorOP2

1 (OZ , OL) = OZ∩L , we obtain

0→ OZ∩L → IZ(b− 4)|L → IZ∩L(b− 4)→ 0. (7)

Since OZ∩L is a torsion sheaf on L, whereas IZ∩L = OL(−Z ∩ L) is locally free, standard facts about
coherent sheaves on smooth curves imply that the exact sequence (7) is split. On the other hand, our
condition says that the scheme Z ∩ L has length b− 4, so we can write

IZ(b− 4)|L = IZ∩L(b− 4)⊕OZ∩L = OL ⊕OZ∩L . (8)

Therefore, restricting to L the exact sequence

0→ OP2 → Fb → IZ(b− 4)→ 0

and using (8), we obtain a surjection Fb|L → OL . Dualizing we get the required nonzero global
section of F∗b|L .
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The set of unstable lines of Fb has a natural structure of subscheme ofP2∗; we denote it by W(Fb).
Let us give a summary of the behaviour of the unstable lines of Fb for small values of b.

b = 4. We have F4 ' O2
P2 , so W(F4) is empty.

b = 5. There is an isomorphism F5 ' TP2(−1). Also, W(F5) = P2∗.

b = 6. The scheme W(F6) is a smooth conic in P2∗, and the unstable lines of F6 are the tangent lines
to the dual conic, see [DK93].

b = 7. The scheme W(F7) is either finite of length 6 or consists of a smooth conic in P2∗. The former
case is the general one, and when it occurs F7 is called a logarithmic bundle. Instead, the latter
case occurs if and only if F7 is a so-called Schwarzenberger bundle, whose matrix M , up to a
linear change of coordinates, has the form

M =

t



x0 x1 x2 0 0
0 x0 x1 x2 0
0 0 x0 x1 x2



 , (9)

see [DK93,Val00a,Val00b].

b ≥ 8. Unstable lines do not always exist in this range. The scheme W(Fb) is either finite of length
≤ b−1 or consists of a smooth conic inP2∗. In the latter case, Fb is a Schwarzenberger bundle,
whose matrix M , up to a linear change of coordinates, is a (b− 2)× (b− 4) matrix having the
same form as (9). We can actually state a more precise result, see again [DK93,Val00a,Val00b].

Proposition 1.10. If Fb contains a finite number α of unstable lines, then 0 ≤ α ≤ b− 1. More
precisely, the following holds.

(i) If 0≤ α≤ b− 2 then, up to a linear change of coordinates, the matrix M is of type

M =

t



a1,1H1 · · · a1,αHα
...

...
... M ′

ab−4,1H1 · · · ab−4,αHα



 ,

for some (b− 2−α)× (b− 4) matrix M ′ of linear forms. In this case the unstable lines are
given by

H1 = 0, H2 = 0, · · · , Hα = 0.

(i i) If α= b− 1 then Fb is a logarithmic bundle. In this case, the matrix M is of type

M =

t



a1,1H1 a1,2H2 · · · a1,b−2Hb−2
...

...
...

...
ab−4,1H1 ab−4,2H2 · · · ab−4,b−2Hb−2



 ,

where H1, . . . , Hb−2 are such that the linear form

Hb−1 :=
b−2
∑

j=1

ai, jH j

does not depend on i ∈ {1, . . . , b− 4}. The unstable lines are given by

H j = 0, j ∈ {1, . . . , b− 2}.

Remark 1.11. Proposition 1.10 allows us to give another proof of the implication (i) ⇒ (i i i) in
Lemma 1.9. Indeed, we can take a basis s1, . . . , sb−2 of H0(P2, Fb) such that the homogeneous ideal
Ik of the vanishing locus of sk is defined by the maximal minors of the matrix obtained by deleting
the k-th row of M , namely by b − 3 forms of degree b − 4. Assume now that the unstable line L is
defined by the equation Hi = 0. Then, if k 6= i, all the minors defining Ik are divisible by Hi , except
the one obtained by deleting the k-th and i-th rows of M ; so sk vanishes at b− 4 points on L.
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The following result will be used in Section 4, see in particular the proof of Theorem 4.2. The
reason to denote by α1 the number of unstable lines will be apparent later, see Remark 1.13.

Proposition 1.12. Assume b = 8 and let F := F8 be a Steiner bundle with a finite number α1 of
unstable lines. Then

h0(P2, S3F(−2))≥ α1. (10)

Proof. If b = 8, then (4) becomes

0 −→ OP2(−1)4
M
−→ O6

P2 −→ F −→ 0. (11)

As a preliminary remark we note that, since H0(P2, F(−1)) = 0, any non-zero global section of F
vanishes in codimension 2. Thus F fits into a short exact sequence

0→ OP2 → F→ IZ(4)→ 0, (12)

where Z ⊂ P2 is a 0-dimensional subscheme of length 10. By using Serre construction ( [OkSchSp88,
Theorem 5.1.1]) we see that this process is reversible, in the sense that starting from a subscheme
Z ⊂ P2 of length 10 whose homogeneous ideals contains 6 quartics and no cubics (i.e, a syzygy-
general subscheme), we can find a unique Steiner bundle F having a global section vanishing on Z ,
and hence appearing as an extension of IZ(4) by OP2 as in (12).

The symmetric cube of (12), tensored by OP2(−2), gives

0→ S2F(−2)→ S3F(−2)→ I3
Z(10)→ 0. (13)

We claim that H2(P2, S2F(−2)) = 0. In fact, by Serre duality the last group is isomorphic to
H0(P2, S2F∗(−1)), which naturally injects into H0(P2, S2F∗). Since we are working on a field
of characteristic 0, the stability of F∗ implies the semi-stability of S2F∗, so c1(S2F∗) < 0 implies
H0(P2, S2F∗) = 0 proving our claim.

By taking the symmetric square of (11) we can compute χ(P2, S2F(−2)) = −6; so, whenever
h0(P2, S2F(−2)) = 0, we deduce h1(P2, S2F(−2)) = 6.

If α1 = 0 there is nothing to prove. We analyze separately the cases 1≤ α1 ≤ 5, α1 = 6, α1 = 7.

Case 1 ≤ α1 ≤ 5. In this case, by using the form for the matrix M given in Proposition 1.10, with
the help of Macaulay2we can easily find an example of Steiner bundle F with H0(P2, S2F(−2)) = 0,
so this vanishing holds for a sufficiently general F. On the other hand, by semi-continuity, it sufficies
to show (10) for F general. Therefore it is not restrictive to assume h1(P2, S2F(−2)) = 6 from now
on and so, passing to cohomology in (13), we see that it is enough to prove the inequality

h0(P2, I3
Z(10))≥ 6+α1. (14)

Let L1, . . . , Lα1
be α1 general lines in P2, and let us define the following subschemes of the plane:

• Z1 is the subscheme of length
�

α1
2

�

given by the pairwise intersection points of the lines;

• Z2 is a subscheme of length α1(5 − α1) obtained by choosing 4 − (α1 − 1) = 5 − α1 general
points on each line;

• Z3 is a general 0-dimensional subscheme of length 1
2 (α1 − 4)(α1 − 5).

Setting Z := Z1 ∪ Z2 ∪ Z3, we see that Z is a 0-dimensional, syzygy-general subscheme of length 10.
By Lemma 1.9 the lines L1, . . . , Lα1

are unstable for Z and, conversely, the general Steiner bundle
F with α1 unstable lines can be obtained from a Z of this form by means of the Serre construction.
Now, the linear system of plane curves of degree 10 having multiplicity ≥ 3 at Z clearly contains the
reducible curves of type

L1 + · · ·+ Lα1
+ C10−α1

,

9



where C10−α1
has degree 10−α1 and multiplicity ≥ i at Zi . Then we obtain

h0(P2, I3
Z(10))≥ h0(P2, OP2(10−α1))− `(Z1)− 3`(Z2)− 6`(Z3)

=
�

10−α1 + 2
2

�

−
�

α1

2

�

− 3α1(5−α1)− 3(α1 − 4)(α1 − 5)

= 6+α1,

which is (14).

Case α1 = 6. In this case, we use reduction of F along its six unstable lines L1, . . . , L6, see
[Val00b]. This yields the exact sequence

0→ OP2(−1)2→ F→
6
⊕

i=1

OLi
→ 0. (15)

From Pieri’s formulas (cf. [W03, Corollary 2.3.5 p. 62]) we obtain

F⊗ S2F(−2) = S3F(−2)⊕∧2F⊗F(−2) = S3F(−2)⊕F(2), (16)

and the fact that Li is unstable implies

S2F(−2)|Li
= OLi

(−2)⊕OLi
(2)⊕OLi

(6). (17)

So, tensoring (15) with S2F(−2) we get

0→ (S2F(−3))2→ S3F(−2)⊕F(2)→
6
⊕

i=1

�

OLi
(−2)⊕OLi

(2)⊕OLi
(6)
�

→ 0. (18)

Using as in the previous case the form for the matrix M given in Proposition 1.10 together with
Macaulay2, it is not difficult to construct an example of F with six unstable lines and such that
H2(P2, S2F(−3)) = 0, so this vanishing takes place for the general such a F. Moreover, (11) forces
H1(P2, F(2)) = 0. Therefore, passing to cohomology in (18) we get a surjection

H1(P2, S3F(−2))→
6
⊕

i=1

H1(Li , OLi
(−2))→ 0,

which in turn implies h1(P2, S3F(−2)) ≥ 6. Since we have χ(P2, S3F(−2)) = 0, we obtain
h0(P2, S3F(−2))≥ 6, that is (10).

Case α1 = 7. We use the same approach as in the previous case. This time, the reduction of
F along its seven unstable lines L1, . . . , L7 amounts to the residue exact sequence, cf. for instance
[Val00b], so we obtain the short exact sequence

0→ Ω1
P2 → F→

7
⊕

i=1

OLi
→ 0. (19)

Tensoring (19) with S2F(−2) and using (16) and (17), we get

0→ Ω1
P2 ⊗ S2F(−2)→ S3F(−2)⊕F(2)→

7
⊕

i=1

�

OLi
(−2)⊕OLi

(2)⊕OLi
(6)
�

→ 0. (20)

Again with the help of Macaulay2, we can construct an example of F with seven unstable lines and
satisfying H2(P2, Ω1

P2 ⊗ S2F(−2)) = 0, hence this vanishing holds for a general such F. Therefore,
since H1(P2, F(2)) = 0, we obtain via (20) a surjection

H1(P2, S3F(−2))→
7
⊕

i=1

H1(Li , OLi
(−2))→ 0.

This, together with χ(P2, S3F(−2)) = 0, implies h0(P2, S3F(−2))≥ 7.

Remark 1.13. In Propositions 1.10 and 1.12 we denoted the number of unstable lines of the twisted
Tschirnhausen bundle by α1, just like the number of exceptional lines contracted by the first adjunc-
tion map (see §1.3). These two numbers are in fact the same for b ≥ 7, see §2.3.2.
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2 General triple planes with pg = q = 0

2.1 General triple planes

A triple plane a triple cover f : X −→ P2. We denote by H the pullback H := f ∗L, where L ⊂ P2 is a
line. The divisor H is ample, because L is ample and f is a finite map.

The Tschirnhausen bundle E of f is a rank 2 vector bundle on P2 such that f∗OX = OP2 ⊕ E.
Proposition 1.1 now implies

Proposition 2.1. Let f : X −→ P2 be a triple plane with Tschirnhausen bundle E. Then we have:

pg(X ) = h0(P2, E∗(−3)),

q(X ) = h1(P2, E∗(−3)),

P2(X ) = h0(X , 2KX ) = h0(P2, S2E∗(−6)).

Definition 2.2. Let f : X −→ P2 be a triple plane and B ⊂ P2 its branch locus. We say that f is a
general triple plane if the following conditions are satisfied:

(i) f is unramified over P2\B;

(i i) f ∗B = 2R+ R0, where R is irreducible and non-singular and R0 is reduced;

(i i i) f|R : R −→ B coincides with the normalization map of B.

A useful criterion to check that a triple plane is a general one is provided by the following

Proposition 2.3. Let f : X → P2 be a triple plane with X smooth. Then either f is general or f is a
Galois cover. In the last case, f is totally ramified over a smooth branch locus.

Proof. See [Tan02, Theorems 2.1 and 3.2].

Hence Theorem 1.2 shows that, if S3E∗ ⊗∧2E is globally generated, the cover associated with a
general section η ∈ H0(P2, S3E∗ ⊗∧2E) is a general triple plane as soon as it is not totally ramified.

Since the curve R is the ramification divisor of f and the ramification is simple, we have

KX = f ∗KP2 + R= −3H + R. (21)

Moreover, by [Mi85, Proposition 4.7 and Lemma 4.1], we obtain

Proposition 2.4. Let f : X −→ P2 be a general triple plane with Tschirnhausen bundle E and define

b := −c1(E), h := c2(E).

Then the branch curve B has degree 2b and contains 3h ordinary cusps and no further singularities.
Moreover the cusps are exactly the points where f is totally ramified.

Moreover, in view of [Mi85, Lemma 5.9] and [CasEk96, Corollary 2.2], we have the following
information on the curves R and R0.

Proposition 2.5. The two curves R and R0 are both smooth and isomorphic to the normalization of B.
Furthermore, they are tangent at the preimages of the cusps of B and they do not meet elsewhere. Finally,
the ramification divisor R is very ample on X .

This allows us to compute the intersection numbers of R and R0 as follows.

Proposition 2.6. We have

R2 = 2b2 − 3h, RR0 = 6h, R2
0 = 4b2 − 12h.
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Proof. From f ∗B = 2R+R0 we deduce (2R+R0)2 = 3B2 = 12b2. Moreover projection formula yields

R(2R+ R0) = R( f ∗B) = ( f∗R)B = B2 = 4b2.

Finally, by Proposition 2.5 it follows RR0 = 6h, so a short calculation concludes the proof.

Corollary 2.7. We have 3h≥ 2
3 b2.

Proof. Since the divisor R is very ample, the Hodge Index theorem implies R2R2
0 ≤ (RR0)2 and the

claim follows.

Remark 2.8. Proposition 2.6 and Corollary 2.7 were already established by Bronowski in [Br42].
Note that the (very) ampleness of R implies R2 > 0, that is 3h < 2b2. In [Br42], it is also stated the
stronger inequality 3h≤ b2, or equivalently R2

0 ≥ 0, holds. This is actually false, and counterexamples
will be provided by our surfaces of type VII, see Subsection 3.7. Bronowski’s mistake is at page 28
of his paper, where he assumes that there exists a curve algebraically equivalent to R0 and distinct
from it; of course, when R2

0 < 0 such a curve cannot exist.

Proposition 2.9. Let f : X −→ P2 be a general triple plane. If K2
X 6= 8 then D := KX +2H is very ample.

Proof. Since (2H)2 = 12, by [Fu90, Theorem 18.5] D is very ample, unless there exists an effective
divisor Z such that HZ=1 and Z2 = 0. By projection formula we have

1= HZ = ( f ∗L)Z = L( f∗Z),

hence f∗Z ⊂ P2 is a line. On the other hand, HZ = 1 implies that the restriction of f to Z is
an isomorphism, so Z is a smooth and irreducible rational curve. Since Z2 = 0, the surface X is
birationally ruled and Z belongs to the ruling; moreover the argument above shows that all the
curves in the ruling are irreducible. So X is isomorphic to Fn for some n, in particular K2

X = 8.

When D = KX + 2H is very ample on X we can study the adjunction maps associated with D.
Using Proposition 1.5, we obtain

Proposition 2.10. Assume K2
X 6= 8 and let ϕn : Xn−1 −→ Xn be the n-th adjunction map with respect to

the very ample divisor D = KX +2H. Then ϕn is an isomorphism when n is even, whereas when n is odd
ϕn contracts exactly the (−1)-curves E ⊂ X such that HE = (n+ 1)/2.

2.2 The numerical invariants and the Tschirnhausen bundle when pg = q = 0

Let f : X −→ P2 be a general triple plane and let B be the branch locus of f . Recall that, by Proposition
2.4, the curve B is has degree 2b and contains 3h ordinary cusps as only singularities.

Proposition 2.11. Set notation as above, and assume moreover χ(OX ) = 1, that is pg(X ) = q(X ).
Therefore we have at most the following possibilities for the numerical invariants b, h, K2

X , g(H) :

Case b h K2
X g(H)

I 2 1 8 0
II 3 2 3 1
III 4 4 −1 2
IV 5 7 −4 3
V 6 11 −6 4
VI 7 16 −7 5
VII 8 22 −7 6
VIII 9 29 −6 7
IX 10 37 −4 8
X 11 46 −1 9
XI 12 56 3 10
XII 13 67 8 11

Table 1: Possible numerical invariants for a general triple plane with χ(OX ) = 1
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Proof. Using the projection formula we obtain

HR= ( f ∗L)R= L( f∗R) = LB = 2b.

Since KX = −3H + R and H2 = 3 it follows KX H = 2b− 9, hence g(H) = b− 2. Using the formule di
corrispondenza ( [Iv70, Section V]) we infer

§

9h+ 3= 4b2 − 6b+ K2
X

2h− 4= b2 − 3b.

Therefore h = 1
2 (b

2 − 3b + 4) and b2 − 15b + 42 − 2K2
X = 0. Imposing that the discriminant of

this quadratic equation is non-negative, we get K2
X ≥ −7; on the other hand, the Enriques-Kodaira

classification and the Miyaoka-Yau inequality imply that any surface with pg = q satisfies K2
X ≤ 9,

see [BHPV04, Chapter VII], so −7≤ K2
X ≤ 9. Now a case-by-case analysis concludes the proof.

Note that the previous proof shows that

c1(E) = −b, c2(E) =
1
2
(b2 − 3b+ 4). (22)

From now on, we will restrict ourselves to the case pg(X ) = q(X ) = 0, that is, in terms of the
Tschirnhausen bundle E, we suppose h1(P2, E) = 0 and h2(P2, E) = 0. Furthermore, we will write
for brevity “triple plane" instead of “general triple plane", and we will use without further mention
the natural isomorphism

E∗ ' E(b). (23)

Theorem 2.12. Let f : X → P2 be a triple plane with pg = q = 0 and let E be the corresponding
Tschirnhausen bundle. With the notation of Proposition 2.11, we have

(i) E' OP2(−1)⊕OP2(−1), in case I;

(i i) E' OP2(−1)⊕OP2(−2), in case II;

(i i i) E' OP2(−2)⊕OP2(−2), in case III;

(i v) in cases IV,. . . , XII, the vector bundle E is stable and has a minimal free resolution of the form

0 −→ OP2(1− b)b−4 −→ OP2(2− b)b−2 −→ E −→ 0.

Hence it is a rank 2 Steiner bundle on P2, see Subsection 1.4.

Proof. The Chern classes of E are computed in each case by (22). In cases I, II and III, using
h0(P2,E) = 0 (for I and II)or h0(P2,E(1)) = 0 (for III), we get that E decomposes in the desired
way (an argument for this is for instance [FV12, Lemma 2.4]).

Let us now turn to the cases IV,. . . , XII, so that 5≤ b ≤ 13. Set F := E(b− 2). By (22) we obtain

c1(F) = b− 4, c2(F) =
�

b− 3
2

�

. (24)

Using Proposition 2.1 we can now calculate the cohomology groups of F(−i), for i = 0,1, 2. We have

h0(P2, F(−1)) = h0(P2, E(b− 3)) = h0(P2, E∗(−3)) = pg(X ) = 0,

h1(P2,F(−1)) = h0(P2, E(b− 3)) = h1(P2, E∗(−3)) = q(X ) = 0.

Using (24) and the Riemann-Roch theorem we deduce χ(P2, F(−1)) = 0, hence h2(P2, F(−1)) = 0.
Further, the vanishing of h0(P2, F(−1)) implies h0(P2, F(−2)) = 0 and, since b ≥ 5, we also have

h2(P2,F(−2)) = h0(P2,F∗(−1)) = h0(P2, F(3− b)) = 0. (25)
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Again by Riemann-Roch, we obtain h1(P2, F(−2)) = b− 4.
As in (25) we can check that h2(P2, F) = 0. Given a line L in P2, let us now tensor with F(t) the

short exact sequence
0→ OP2(−1)→ OP2 → OL → 0.

By the vanishing we already proved, we infer h1(L, F(−1)|L) = 0 and this easily implies
h1(L, F(t)|L) = 0 for any t ≥ 0. Therefore we get h1(P2, F) = 0, that in turn yields h0(P2, F) = b−2.

We can now use Beilinson’s theorem (see for instance [Huy06, Chapter 8.3]) in order to write
down a free resolution of F. The Beilinson table of F, displaying the values of h j(P2,F(−i)), is as
follows:

F(−2) F(−1) F

h2 0 0 0
h1 b− 4 0 0
h0 0 0 b− 2

Table 2: The Beilinson table of F

This gives the resolution of F

0→ H1(P2, F(−2))⊗OP2(−1)→ H0(P2, F)⊗OP2 → F→ 0,

hence the required resolution of E. Setting

W := H1(P2, F(−2))∗, U := H0(P2, F), P2 = P(V ), (26)

we see that F is a Steiner bundle. Stability follows immediately by Hoppe’s criterion, see [Hop84,
Lemma 2.6].

Corollary 2.13. In cases I, II and III the triple planes f : X −→ P2 exist and X is a rational surface.

Proof. Let us consider case I. By Theorem 2.12 we have S3E∗ ⊗ ∧2E = OP2(1)4 which is globally
generated, so the triple cover exists by Theorem 1.2. Using Proposition 2.1 we obtain

P2(X ) = h0(P2, S2E∗(−6)) = h0(P2, OP2(−4)3) = 0,

hence Castelnuovo’s Theorem ( [B83, Chapter V]) implies that X is a rational surface. The proof in
cases II and III is the same.

2.3 The projective bundle associated with a triple plane

2.3.1 Triple planes and direct images

Let f : X → P2 be a triple plane with pg = q = 0 and Tschirnhausen bundle E. We assume b ≥ 5
and we set F := E(b− 2) as before; as shown in Theorem 2.12, F is a Steiner bundle of rank 2. The
notation in this paragraph is borrowed from Subsection 1.4.

Theorem 1.3 implies that X is a Cartier divisor in P(F), such that the restriction of p : P(F)→ P2

to X is our covering map f . More precisely, the equality

S3E∗ ⊗∧2E= S3F⊗OP2(6− b) (27)

shows that X lies in |L|, with
L= OP(F)(3ξ+ (6− b)`). (28)

Let us consider now the morphism q : P(F)→ P(U)' Pb−3. Setting

R := q∗(OP(F)((6− b)`)),
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the projection formula yields natural identifications

H0(P2, S3E∗ ⊗∧2E)' H0(P2, S3F(6− b))

' H0(P(F), L)' H0(Pb−3, R(3)).
(29)

In order to get information on the sheaf R, it is useful to consider the Koszul resolution of P(F) in
P(V )×P(U)' P2 ×Pb−3, which is given by

∧• (W ∗ ⊗OP2×Pb−3(−1, −1))→ OP(F)→ 0 (30)

with W ∗ = H1(P2, F(−2)), see Proposition 1.6 and equation (26). We will write Ki for the image of
the i-th differential

di : (∧iW ∗)⊗OP2×Pb−3(−i, −i)→ (∧i−1W ∗)⊗OP2×Pb−3(−i + 1, −i + 1)

of the complex (30). Moreover, we will often use the relation

Riq∗(OP2×Pb−3(n1, n2)) = H i(P2, OP2(n1))⊗OPb−3(n2), i ∈N, n1, n2 ∈Z. (31)

We finally define Y ⊂ Pb−3 as the image of q; then the support of R is contained in Y . In §2.3.2
we shall see that, if b ≥ 6, the morphism q : P(F) −→ Pb−3 is generically injective, so Y ⊂ Pb−3 is
a (possibly singular) threefold which is generated by the 3-secant lines to the canonical curves of
genus g(H) representing in Pb−3 the net |H| inducing the triple cover. The threefold Y is defined by
the 3× 3 minors of the matrix N appearing in the resolution of q∗(OP(F)(`)) :

OPb−3(−1)b−4 N
−→ O3

Pb−3 → q∗(OP(F)(`))→ 0.

2.3.2 Adjunction maps and projective bundles

We use the notation of §1.4.1. Recall that the canonical line bundle of P(F) is

ωP(F) ' OP(F)(−2ξ+ (b− 7)`), (32)

see for instance [H77, Ex. 8.4 p. 253]. The following result provides now a link between the
adjunction theory and the vector bundles techniques used in this paper.

Lemma 2.14. Let f : X −→ P2 be a triple plane with pg(X ) = q(X ) = 0. Then q|X coincides with the
first adjoint map ϕ|KX+H| : X −→ Pb−3 associated with the ample divisor H.

Proof. Since H is ample, by Kodaira vanishing theorem we have h1(X , KX +H) = h2(X , KX +H) = 0,
so Riemann-Roch theorem gives h0(X , KX +H) = g(H) = b− 2. Therefore it suffices to show that

ωX ⊗OX (H) = OP(F)(ξ)|X .

The adjunction formula, together with (28)and (32), yields

ωX = (ωP(F) ⊗L)|X = OP(F)(ξ− `)|X .

Since `|X = OX (H), the claim follows.

Lemma 2.15. The morphism q : P(F)→ Pb−3 contracts precisely the negative sections of the Hirzebruch
surfaces of the form P(F|L), where L is an unstable line of F. If b ≥ 6 then q is birational onto its image
Y ⊆ Pb−3, which is a birationally ruled threefold of degree

�b−4
2

�

.

Proof. Let L be an unstable line of F. We have F|L ' OL ⊕ OL(b − 4), so P(F|L) is isomorphic
to the Hirzebruch surface Fb−4. The divisor OP(F)(ξ) cuts on P(F|L) the complete linear system
|c0 + (b − 4)f|; therefore OP(F)(ξ) · c0 = 0, that is q contracts c0. In particular, this means that the
image of P(F|L) via q is a cone S0,b−4 ⊂ Pb−3.
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Conversely, assume that x1 and x2 are points of P(F) not separated by q. Since OP(F)(ξ) is very
ample when restricted to the fibres of p : P(F)→ P2, the points p(x1) and p(x2)must be distinct. Let
L be the line joining p(x1) and p(x2). Restricting q to S := P(F|L), we see that L must be unstable
for F, since otherwise OP(F)(ξ)|S would be very ample on S, hence q would separate x1 and x2.
Thus S ' Fb−4 and moreover x1 and x2 must both lie on the negative section of S, because q|S is an
embedding outside this section. The same argument goes through if x2 and x2 are infinitely near.

Finally, for b ≥ 6 the subscheme W(Fb) of unstable lines has positive codimension in P2∗, see
§1.4.2. Then q is birational onto its image. This says that the image Y is a birationally ruled threefold
in Pb−3 (of course for b = 6 the image is the whole P3).

After recalling c1(F) = b− 4 and c2(F) =
�b−3

2

�

, the formula for the degree follows from

ξ3 = p∗(c1(F)
2 − c2(F))ξ= (b− 4)2 −

�

b− 3
2

�

=
�

b− 4
2

�

.

Lemma 2.16. Let L= OP(F)(3ξ+(6− b)`) and let c0 be the negative section of the Hirzebruch surface
P(F|L), where L is an unstable line for F. If b ≥ 7, then c0 is contained in the base locus of |L|.

Proof. The restriction of L to P(F|L) is a divisor C linearly equivalent to

3(c0 + (b− 4)f) + (6− b)f= 3c0 + (2b− 6)f.

We have Cc0 = 3(4− b) + (2b− 6) = 6− b, so if b ≥ 7 we have Cc0 < 0 and this in turn implies that
c0 is a component of C . Hence c0 is contained in every divisor of |L|.

Let us come back now to our triple planes f : X → P2.

Proposition 2.17. If b ≥ 7 then the first adjoint map ϕ|KX+H| : X −→ Pb−3 is a birational morphism
onto its image X1 ⊂ Pb−3. Furthermore, X1 is a smooth surface and ϕ|KX+H| contracts precisely the
(−1)-curves E in X such that HE = 1. There is one precisely such curve for each unstable line of F.

Proof. By Lemma 2.15 the map q : P(F)→ Pb−3 is birational onto its image and contracts precisely
the negative sections of P(F|L), where L is an unstable line of F; let E be such a section. In view
of Lemma 2.14 we have ϕ|KX+H| = q|X , and by Lemma 2.16 the curve E is contained in X . Finally,
by projection over L we obtain HE = 1. By Lemma 2.15 and 2.16, the curves E are precisely the
negatives sections c0 of the Hirzebruch surfaces P(F|L), where L runs among unstable lines of F.

Remark 2.18. When b ≥ 7, Proposition 2.17 will allow us to apply the iterated adjunction process
described in Subsection 1.3 starting from D = H, even if H is ample but not very ample.

Remark 2.19. Proposition 3.11 shows that ϕ|KX+H| is birational also for b = 6 (in this case, X is a
cubic surface in P3 blown up at 9 points, and ϕ|KX+H| is the blow-down morphism).

3 The classification in cases I, . . . ,VII

3.1 Triple planes of type I

In this case the invariants are

K2
X = 8, b = 2, h= 1, g(H) = 0

and the Tschirnhausen bundle splits as E= OP2(−1)⊕OP2(−1). The existence of these triple planes
follows from Corollary 2.13, whereas Proposition 3.1 below provides their complete classification.

Proposition 3.1. Let f : X −→ P2 be a triple plane of type I. Then X is a cubic scroll S1,2 ⊂ P4 and f
is the projection of X from a general line of P4.
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Proof. By Proposition 2.5 we know that R is very ample, so we can apply Theorem 1.4. Using Propo-
sition 2.6 and the fact that g(R) = g(B) = 0 (note that B ⊂ P2 is a tri-cuspidal quartic curve by
Proposition 2.11), we obtain

�

R2 KX R
KX R K2

X

�

=
�

5 −7
−7 8

�

,

therefore no multiple of KX can be effective (because KX R < 0) and X is a rational surface (as
predicted by Corollary 2.13). Moreover we get

dim |KX + R|= g(R)− 1= −1,

that is |KX + R| = ∅. The condition K2
X = 8 implies that the X is not isomorphic to P2, so it must be

a rational normal scroll. There are two different kind of rational normal scrolls of dimension 2 and
degree 5, namely

• S1,4, that is F3 embedded in P6 via |c0 + 4f|;

• S2,3, that is F1 embedded in P6 via |c0 + 3f|.

In the former case, using (21) we obtain H = c0 + 3f, which is not ample on F3; so this case cannot
occur. In the latter case we have H = c0+2f, that is very ample and embeds F1 in P4 as a cubic scroll
S1,2. The triple cover is now obtained by taking the morphism to P2 associated with a general net of
curves inside |H|, which corresponds to the projection of S1,2 from a general line of P4.

Remark 3.2. Another description of triple planes of Type I is the following. Let X ′ be the Veronese
surface, embedded in the Grassmannian Gr(1, P3) as a surface of bidegree (3, 1), see [G93, Theorem
4.1 (a)]. There is a family of 1-secant planes to X ′; projecting from one of these planes, we obtain a
birational model of a triple plane f : X → P2 of type I (in fact, X is the blow-up of X ′ at one point).

3.2 Triple planes of type II

In this case the invariants are

K2
X = 3, b = 3, h= 2, g(H) = 1

and the Tschirnhausen bundle splits as E= OP2(−1)⊕OP2(−2). The existence of these triple planes
follows from Corollary 2.13, whereas Proposition 3.3 below provides their complete classification.

Proposition 3.3. Let f : X −→ P2 be a triple plane of type II. Then X is a cubic surface in P3 and f is
the projection from a general point p /∈ X . The branch locus B is a sextic plane curve with six cusps lying
on a conic.

Proof. By Proposition 2.9, the divisor D := KX + 2H is very ample so we can apply Theorem 1.4. We
have

�

D2 KX D
KX D K2

X

�

=
�

3 −3
−3 3

�

,

hence the map ϕ|D| : X −→ P3 is an isomorphism onto a smooth cubic surface, see Proposition 2.9.
The statement about the position of the cusps in the branch locus is a well-known classical result,
see [Zar29].

Remark 3.4. Other descriptions of triple planes of type II are the following.

• Let X ′ be a smooth Del Pezzo surface of degree 5, embedded in Gr(1, P3) as a surface of bide-
gree (3, 2), see [G93, Theorem 4.1 (b)]. There is a family of 2-secant planes to X ′; projecting
from one of these planes, we obtain a birational model of a triple plane f : X → P2 of type II
(in fact, X is the blow-up of X ′ at two points).

• Let X ′ be a smooth Del Pezzo surface of degree 6, embedded in Gr(1, P3) as a surface of bide-
gree (3, 3), see [G93, Theorem 4.1 (d)]. There is a family of 3-secant planes to X ′; projecting
from one of these planes, we obtain a birational model of a triple plane f : X → P2 of type II
(in fact, X is the blow-up of X ′ at three points).
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3.3 Triple planes of type III

In this case the invariants are

K2
X = −1, b = 4, h= 4, g(H) = 2

and the Tschirnhausen bundle splits as E= OP2(−2)⊕OP2(−2). The existence of these triple planes
follows from Corollary 2.13, whereas Proposition 3.5 below provides their complete classification.

Proposition 3.5. Let f : X −→ P2 be a triple plane of type III. Then X is a blow-up at 9 points
σ : X → Fn of a Hirzebruch surface Fn, with n ∈ {0, 1, 2, 3}, and

H = 2c0 + (n+ 3)f−
9
∑

i=1

Ei . (33)

Proof. By Proposition 2.9, the divisor D := KX + 2H is very ample. We have
�

D2 KX D
KX D K2

X

�

=
�

7 −3
−3 −1

�

,

in particular KX D < 0 shows that X is a rational surface. The morphism ϕ|D| : X −→ X1 ⊂ P5 is
an isomorphism of X onto its image X1, which is a surface of degree 7 with K2

X1
= −1. Embedded

projective varieties of degree at most 7 are classified in [Io84]; in particular, the table at page 148 of
that paper shows that X1 is a blow-up at 9 points σ : X1→ Fn, with n ∈ {0, 1, 2, 3}, and that

D = 2c0 + (n+ 4)f−
9
∑

i=1

Ei .

Using 2H = D− KX , we now obtain (33).

Remark 3.6. When n= 0, the surface X is the blow-up of P1×P1 at 9 points and a birational model
of the triple cover f : X −→ P2 is obtained by using the curves of bidegree (2, 3) passing through
these points, since (33) becomes H = 2L1 + 3L2 −

∑9
i=1 Ei .

When n = 1, since F1 is the blow-up of the plane at one point, we see from (33) that X can be
also seen as the blow-up of P2 at 10 points and that H = 4L − 2E10 −

∑9
i=1 Ei .

Another description of triple planes of type III is the following. Let X ′ be a Castelnuovo surface
with K2

X ′ = 2, embedded in Gr(1, P3) as a surface of bidegree (3, 3), see [G93, Theorem 4.1 (e)]. So
there is a family of 3-secant planes to X ′; projecting from one of these planes, we obtain a birational
model of a triple cover f : X → P2 of type III (in fact, X is the blow-up of X ′ at three points).

3.4 Triple planes of type IV

In this case the invariants are

K2
X = −4, b = 5, h= 7, g(H) = 3.

By Theorem 2.12, the resolution of F = E(3) is

0 −→ OP2(−1) −→ O3
P2 −→ F −→ 0,

hence F ' TP2(−1) and (27) implies that S3E∗ ⊗∧2E is isomorphic to S3(TP2(−1))⊗OP2(1), which
is globally generated. By Theorem 1.2 this ensures the existence of triple planes of type IV, whereas
Proposition 3.7 below provides their complete classification.

Proposition 3.7. Let f : X −→ P2 be a triple plane of type IV. Then X is a blow-up X = P2(p1, . . . , p13)
of P2 at 13 points which impose only 12 conditions on plane quartic curves. Moreover,

H = 4L −
13
∑

i=1

Ei . (34)
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Proof. We give two proofs. The first one is based on the adjunction theory, the second one on vector
bundles techniques.

First proof of Proposition 3.7. Proposition 2.9 shows that the divisor D := KX + 2H is very
ample, so by Proposition 2.9 the first adjunction map

ϕ1 := ϕ|KX+D| : X −→ X1 ⊂ P5

is a birational morphism onto a smooth surface X1 whose intersection matrix is
�

(D1)2 KX1
D1

KX1
D1 (KX1

)2

�

=
�

4 −6
−6 −4+α1

�

.

In particular KX1
D1 < 0 shows that X1 (and so X ) is a rational surface. We can now check that

the adjoint linear system |KX1
+ D1| is empty, so by Theorem 1.4 the surface X1 is either a rational

normal scroll (and in this case α1 = 12) or P2 (and in this case α1 = 13). Let us exclude the former
case. There are two types of smooth quartic rational normal scroll surfaces: S2, 2, namely P1 ×P1

embedded in P5 by |L1+2L2|, and S1,3, namely F2 embedded in P5 by |c0+3f|. If X1 = P1×P1 we
obtain

2H = 5L1 + 6L2 −
12
∑

i=1

2Ei ,

whereas if X1 = F2 we obtain

2H = 5c0 + 11f−
12
∑

i=1

2Ei

In both cases we have a contradiction, since H must be a divisor with integer coefficients.
It follows that (X1, D1) = (P2, OP2(2)), hence α1 = 13 and ϕ1 contracts exactly 13 exceptional

lines, i.e. X is isomorphic to the blow-up of P2 at 13 points. Therefore we have

X = P2(p1, . . . , p13), D = 5L −
13
∑

i=1

Ei ,

which implies H = 4L −
∑13

i=1 Ei .
Finally, since h0(X , OX (H)) = 3, it follows that the 13 points p1, . . . , p13 impose only 12 conditions

on plane quartic curves. This completes our first proof.

Second proof of Proposition 3.7. In case IV, the 3-dimensional vector space U = H0(P2, F) is
naturally identified with V ∗ and P(F) is the point-line incidence correspondence in P2×P2∗, namely
a smooth hyperplane section of P2 ×P2∗, whose Koszul resolution is

0→ OP2×P2∗(−1, −1)→ OP2×P2∗ → OP(F)→ 0. (35)

Twisting (35) by p∗(OP2(1)) = OP2×P2∗(1, 0), applying the functor q∗ and using (31) we obtain

0→ OP2∗(−1)→ H0(P2, OP2(1))⊗OP2∗ → q∗
�

p∗(OP2(1))⊗OP(F)
�

→ 0,

so Euler sequence yields

R= q∗(OP(F)(`)) = q∗
�

p∗(OP2(1))⊗OP(F)
�

' TP2∗(−1)

and equality (29) implies

H0(P2, S3E∗ ⊗∧2E) = H0(P2∗, R(3)) = H0(P2∗, TP2∗(2)).

Furthermore we have R(3) = q∗L, where L = OP(F)(3ξ + `), and our triple plane X is a smooth
divisor in the complete linear system |L|, see (28). Since a global section of L corresponds to a
non-zero morphism OP(F)→ L, we obtain a short exact sequence

0→ OP(F)(−3ξ)→ L(−3ξ)→ OX (H)→ 0, (36)
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and, taking the direct image via q, we get

0→ OP2∗(−3)→ TP2∗(−1)→ IZ(4) −→ 0, (37)

where Z is a 0-dimensional subscheme of P2∗ of length `(Z) = c2(TP2∗(2)) = 13.
The inclusion X ' P(OX (H)) ,→ P(F) corresponds to the surjection L(−3ξ)→ OX (H) in (36);

then (37) shows that X can be identified with P(IZ(4)), embedded in in P(TP2∗(−1)) via the surjec-
tion TP2∗(−1)→ IZ(4). Hence a birational model for the triple cover map f : X → P2 is the rational
map P2∗ ¹¹Ë P2 given by the linear system of (dual) quartics through Z .

In fact, exact sequence (37) also implies

h0(P2∗, IZ(4)) = h0(P2∗, TP2∗(−1)) = 3,

h1(P2∗, IZ(4)) = h2(P2∗, OP2∗(−3)) = 1,
(38)

so the 13 points in the support of Z actually impose only 12 conditions on quartic plane curves. This
completes our second proof.

Remark 3.8. The the Cayley-Bacharach condition (38) on the points on Z implies that the unique
non-trivial extension of IZ(4) by OP2∗(−3) is the one given by (37). Indeed, by Serre duality we have

Ext1(IZ(4), OP2∗(−3)) = Ext1(IZ(4), ωP2∗) = H1(P2∗, IZ(4)) = C.

Furthermore, the fact that such an extension is locally free is also a consequence of (38), see [Fr98,
Theorem 12 p. 39].

Remark 3.9. Looking carefully at the second proof, we see that it works, in principle, only for the
general surface X of type IV, where general means that it corresponds to a global section of TP2∗(2)
vanishing at precisely 13 distinct points (i.e., we are assuming that the scheme Z is reduced and of
pure dimension 0). However, we see that sections with special vanishing behaviour cannot give rise
to a smooth triple plane, because our first proof shows that we must actually have α1 = 13.

Remark 3.10. A Bordiga surface is a smooth surface of degree 6 in P4, given by the blow up of P2

at 10 points embedded by the linear system of quartics through them, see [Ott95, Capitolo 5]. Then
(34) shows that a birational model of a triple plane f : X −→ P2 of type IV can be realized as the
projection of a Bordiga surface from a 3-secant line.

Furthermore, contracting one of the exceptional divisors in the Bordiga surface, we obtain a
rational surface X ′ with K2

X ′ = 0 that can be embedded in Gr(1, P3) as a surface of bidegree (3, 4),
see [G93, Theorem 4.1 ( f )]. So there is a family of 4-secant planes to X ′; projecting from one of
these planes, we obtain another birational model of a triple plane f : X → P2 of type IV (in fact, X is
the blow-up of X ′ at four points).

3.5 Triple planes of type V

In this case the invariants are

K2
X = −6, b = 6, h= 11, g(H) = 4

and by Theorem 2.12 the twisted Tschirnhausen bundle F has a resolution of the form

0 −→ OP2(−1)2
M
−→ O4

P2 −→ F −→ 0. (39)

It is not difficult to write down a resolution of S3E∗ ⊗ ∧2E = S3F and to check that it is globally
generated. Hence triple planes f : X −→ P2 of type V do exist, and Proposition 3.11 below provides
their complete classification.

Proposition 3.11. Let f : X −→ P2 be a triple plane of type V. Then X is a blow-up X = P2(p1, . . . , p15)
of P2 at 15 points and

H = 6L −
6
∑

i=1

2Ei −
15
∑

j=7

E j .
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Proof. Let us give again two different proofs.

First proof of Proposition 3.11. By Proposition 2.9 the divisor D := KX + 2H is very ample,
and by Proposition 2.9 the first adjunction map

ϕ1 = ϕ|KX+D| : X −→ X1 ⊂ P9

is birational onto its image X1, whose intersection matrix is

�

(D1)2 KX1
D1

KX1
D1 (KX1

)2

�

=
�

12 −6
−6 −6+α1

�

.

In particular KX1
D1 < 0 shows that X1 (and so X ) is a rational surface. Now we apply the second

adjunction map ϕ2 : X1 −→ X2 ⊂ P3, which is an isomorphism onto its image X2 (Proposition 2.10),
whose intersection matrix is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

−6+α1 −12+α1
−12+α1 −6+α1

�

.

This shows that X2 is a non-degenerate, smooth rational surface in P3, hence it is either a quadric
surface or a cubic surface. If X2 were a quadric then (D2)2 = 2, hence α1 = 8 and the intersection
matrix would give (KX2

)2 = 2, which is a contradiction. Therefore X2 is a cubic surface S, hence
α1 = 9. Moreover X1 is isomorphic to X2, so X is the blow-up of S at 9 points. It follows

X = P2(p1, . . . , p15), D = 9L −
6
∑

i=1

3Ei −
15
∑

i=7

E j ,

which implies H = 6L −
∑6

i=1 2Ei −
∑15

i=7 E j . This ends our first proof.

Let us give now our second proof of Proposition 3.11. As a by-product, it will also show that the
9 points that we are blowing up on the cubic surface S are not in general position, but lie on the
intersection of S with a twisted cubic curve.

Second proof of Proposition 3.11. Set P3 = P(U). The projective bundle F is the complete
intersection of two divisors of bidegree (1, 1) in P2 ×P3, so the Koszul resolution is

0→ OP2×P3(−2, −2)→ OP2×P3(−1, −1)2
d1→ OP2×P3 → OP(F)→ 0. (40)

Twisting (40) by p∗(OP2(1)) = OP2×P3(1, 0) and splitting it into short exact sequences, we get

0 −→ OP2×P3(−1, −2) −→ OP2×P3(0, −1)2 −→ eK1 −→ 0,

0→ eK1→ OP2×P3(1, 0)→ OP(F)(`)→ 0,

where eK1 :=K1⊗OP2×P3(1, 0) and K1 is the image of the first differential d1 of the Koszul complex,
see §2.3.1. Applying the functor q∗ and using (31), we infer

q∗ eK1 = OP3(−1)2, R1q∗ eK1 = 0,

obtaining

0 −→ OP3(−1)2
N
−→ O3

P3 −→ q∗(OP(F)(`)) −→ 0. (41)

This shows that we can identify q∗(OP(F)(`)) with IC(2), the ideal sheaf of quadrics in P3 containing
a twisted cubic C . Note that C is given by the vanishing of the three 2× 2 minors of the matrix of
linear forms N , and that the resolution (41) coincides with the one obtained by transposing (39) as
explained in Subsection 1.4. Therefore we have G= q∗(OP(F)(`)), hence by Proposition 1.6 we infer

P(F)' P(G)' P(IC(2)),
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that is, P(F) is isomorphic to the blow-up of P3 along the twisted cubic C and the morphism
p : P(F)→ P2 is induced by the net |IC(2)|.

We also get R' q∗OP(F) ' OP3 , so (29) yields

H0(P2, S3E∗ ⊗∧2E) = H0(P3, R(3)) = H0(P3, OP3(3)).

This means that the choice of the section η in Theorem 1.2 is given by the choice of a cubic surface
S ⊂ P3. Moreover, from the exact sequence

0→ OP(F)(−3ξ+ `)→ OP(F)(`)→ OX (H)→ 0

it follows that X ' P(OX (H)) corresponds in the blown-up space P(F) to the strict transform of S.
Finally, the triple cover map f : X → P2, being associated with |OX (H)|, is defined on S by the

linear system of quadrics that containing the intersection S ∩ C . Such an intersection consists of 9
points, hence we have 9 exceptional divisors E7, . . . , E15 on X . Identifying S with P2 blown-up at 6
points, with exceptional divisors E1, . . . , E6, its hyperplane section is given by HS = 3L −

∑6
i=1 Ei , so

we can write

H = 2HS −
15
∑

j=7

E j = 6L −
6
∑

i=1

2Ei −
15
∑

j=7

E j .

This ends our second proof.

Remark 3.12. A birational model of the cover f : X −→ P2 is the projection of a hyperplane section
T of a Palatini scroll from a 4-secant line. In fact, T is a surface of degree 7 in P4 and with K2

T = −2
(see [Ott95, Capitolo 5]), which is isomorphic to P2 blown up at 11 points and embedded in P4 by
the complete linear system |6L −

∑6
i=1 2Ei −

∑11
j=7 E j |. Actually, this is the unique non-degenerate,

rational surface of degree 7 in P4, see [Ok84, Theorems 4 and 6].
Contracting one of the exceptional divisors E j in T , we obtain a rational surface X ′ with K2

X ′ = −1
that can be embedded in Gr(1, P3) as a surface of bidegree (3, 5), see [G93, Theorem 4.1 (g)]. So
there is a family of 5-secant planes to X ′; projecting from one of these planes, we obtain a birational
model of a triple cover f : X → P2 of type V (in fact, X is the blow-up of X ′ at five points).

Remark 3.13. Triple planes of types I, . . . , V were previously considered (using completely different,
“classical" methods based on synthetic projective geometry) by Du Val in [DuVal33].

3.6 Triple planes of type VI

In this case the invariants are

K2 = −7, b = 7, h= 16, g(H) = 5

and by Theorem 2.12 the twisted Tschirnhausen bundle F has a resolution of the form

0 −→ OP2(−1)3
M
−→ O5

P2 −→ F −→ 0. (42)

The existence and classification of triple planes of type VI are established in Proposition 3.14 below.

Proposition 3.14. Let f : X −→ P2 be a triple plane of type VI. Then the morphism q : P(F) −→ P4 is
birational onto its image, which is a determinantal cubic threefold Y ⊂ P4. The surface X is the blow-up
of a Bordiga surface X1 ⊂ Y at the six nodes of Y (that belong to X1). So X is a rational surface; more
precisely, it can be seen as the blow-up of P2 at 16 points and the net |H| defining the triple cover f is
given by

H = 7L −
10
∑

i=1

2Ei −
16
∑

j=11

E j . (43)
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Proof. Set P4 = P(U). By the results of §2.3.1, the surface X corresponds to a global section

η ∈ H0(P(F), OP(F)(3ξ− `))' H0(P4, R(3)),

where R = q∗(OP(F)(−`)). The projective bundle P(F) is a complete intersection of three divisors
of bidegree (1, 1) in P2 × P4. Tensoring the Koszul resolution (30) of OP(F) inside OP2×P4 with
p∗(OP2(−1)) = OP2×P4(−1, 0) and splitting it into short exact sequences, we obtain

0 −→ OP2×P4(−4, −3) −→ OP2×P4(−3, −2)3 −→ eK2 −→ 0, (44)

0 −→ eK2 −→ OP2×P4(−2, −1)3 −→ eK1 −→ 0, (45)

0 −→ eK1 −→ OP2×P4(−1, 0) −→ OP(F)(−`) −→ 0, (46)

where eKi := Ki ⊗ OP2×P4(−1, 0) and Ki denotes the image of the i-th differential of the Koszul
complex, see §2.3. Applying the functor q∗ to (44) and using (31), we deduce q∗ eK2 = 0 and we get

0 −→ R1q∗ eK2 −→ OP4(−3)3 −→ OP4(−2)3 −→ R2q∗ eK2 −→ 0. (47)

By (46) the sheaf eK1 injects into OP2×P4(−1, 0), so we have q∗ eK1 = 0. Therefore, applying q∗ to
(45), we get

R1q∗ eK2 = 0, R1q∗ eK1 = R2q∗ eK2. (48)

Finally, applying the functor q∗ to (46) we infer

R= q∗(OP(F)(−`)) = R1q∗ eK1. (49)

Using (48) and (49), the exact sequence (47) becomes

0 −→ OP4(−3)3 −→ OP4(−2)3 −→ R −→ 0,

that can be rewritten as
0 −→ O3

P4 −→ OP4(1)3→ R(3) −→ 0. (50)

We can interpret this by looking at the transposition of the sequence (42) as explained in Subsection
1.4. We obtain

0 −→ OP4(−1)3
N
−→ O3

P4 −→ G −→ 0, (51)

where N is a 3×3 matrix of linear forms, hence the support of G is the determinantal cubic threefold
Y ⊂ P4 defined by det N = 0. Note that the support of R is also Y , because the self-duality of the
Koszul complex implies

R= G∗ = Ex t1
OP4
(G(3), OP4),

where the second equality follows from Grothendieck duality, see [Gr]. The threefold Y is singular,
expectedly at six points (by Porteous formula, see [ACGH85, Chapter II]), and its desingularization
is isomorphic to P(F).

According to §1.4.2, we can now distinguish two cases according to whether F has either six or
infinitely many unstable lines.

(i) Assume that F has six unstable lines. In this case, the singularities of Y are related to the Steiner
bundle F by Lemma 2.15. Indeed, q : P(F)→ P4 contracts precisely the sections of negative self-
intersection lying in the Hirzebruch surfaces of the formP(F|L), where L is an unstable line for F,
and each such a section gives an ordinary double point of Y . These double points are precisely the
images of the exceptional lines of X contracted by the first adjunction map ϕ|KX+H| : X → P4, see
Proposition 2.17, so X is the blow-up of the smooth surface X1 := q(X ) ⊂ Y along these points.

If L ⊂ P2 is a line, then TL := q(p−1(L)) is a ruled surface of degree 3 in P4, contained in Y . The
complete linear system |TL | in Y has dimension 2; its general element is a smooth scroll of type
S1, 2, and there are six singular elements, corresponding to the six jumping lines of F, consisting
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of scrolls of type S0,3, namely cones over a twisted cubic curve. The six vertices of these cones
are precisely the six nodes of Y , and they provide the base locus of |TL |. If we write

N =





n11 n12 n13
n21 n22 n23
n31 n32 n33



 ,

then the net |TL | is generated by the three determinantal surfaces

T1 =
§

v ∈ P4 | rank
�

n21 n22 n23
n31 n32 n33

�

≤ 1
ª

,

T2 =
§

v ∈ P4 | rank
�

n11 n12 n13
n31 n32 n33

�

≤ 1
ª

,

T3 =
§

v ∈ P4 | rank
�

n11 n12 n13
n21 n22 n23

�

≤ 1
ª

.

(52)

Let us consider now a non-zero global section η: OP4 → R(3) of R(3), whose cokernel we denote
by H. The section η lifts to a map OP4 → OP4(1)3, so by (50) we get an exact sequence

0 −→ OP4(−3) −→ O4
P4

Σ
−→ OP4(1)3→H −→ 0. (53)

The sheaf H is supported precisely on the surface X1 ⊂ P4. More precisely, this surface is defined
by the vanishing of the 3×3 minors of the 3×4 matrix Σ of linear forms appearing in (53), hence
it is a Bordiga surface of degree 6, see [Ott95, Capitolo 5]. As explained in Remark 3.10, we can
see X1 as the blow-up of P2 at 10 points, with exceptional divisors E1, . . . , E10, embedded in P4

by the linear system |4L −
∑10

i=1 Ei |. On the other hand, by Proposition 2.17 the first adjoint map
ϕ := ϕ|KX+H| : X → X1 is a birational morphism, contracting precisely the six exceptional divisors
E11, . . . , E16 on X coming from the the blow-up of X1 at the six nodes of Y . Hence we obtain

KX = ϕ
∗KX1

+
16
∑

j=11

E j = ϕ
∗
�

− 3L +
10
∑

i=1

Ei

�

+
16
∑

j=11

E j and

KX +H = ϕ∗OX1
(1) = ϕ∗

�

4L −
10
∑

i=1

Ei

�

,

so (43) follows.

(i i) We assume now that F has infinitely many unstable lines, i.e. that it is a Schwarzenberger bundle.
Up to a change of coordinates, the matrix M defining F is in this case given by (9), so, using
Remark 1.7, one easily finds that the matrix N is

N =





z0 z1 z2
z1 z2 z3
z2 z3 z4



 . (54)

The singular locus of Y is the determinantal variety given by the vanishing of the 2×2 minors of
the matrix N , and this is now a rational normal curve of degree four C4 ⊂ P4. This curve is also
the base locus of the net |TL |, and the morphism q : P(F)→ Y is the blow-up along C4.

By [Val00a] we have
h0(P2, S2F(−2)) = 1. (55)

This can be explained geometrically as follows. Looking at (52) and (54), we see that the quadric
hypersurface Q ⊂ P4 defined by z1z3 − z2

2 = 0 contains both the surfaces T1 and T3. Therefore
Q′ := q−1Q is a relative quadric in P(F) that provides a non-zero global section of OP(F)(2ξ−2`),
hence a non-zero global section of S2F(−2). In addition, one checks that Q′ is the exceptional
divisor of the blow-up q : P(F)→ Y , so (55) follows.
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Now, notice that the multiplication of global sections gives an inclusion

H0(P2, S2F(−2))⊗H0(P2, F(1)) ⊆ H0(P2, S3F(−1)). (56)

On the other hand, we can compute

h0(P2, F(1)) = 12, h0(P2, S3F(−1)) = 12. (57)

Indeed, the first equality in (57) is just obtained twisting (42) by OP2(1) and taking global sec-
tions. For the second equality, we tensor the third symmetric product of the exact sequence (57)
with OP2(−1), obtaining

0→ OP2(−4)→ OP2(−3)15→ OP2(−2)45 r1−→ OP2(−1)35 r0−→ S3F(−1)→ 0.

Taking cohomology, we get

H i(P2, S3F(−1))' H i+1(P2, ker r0)' H i+2(P2, ker r1)

for all i, which implies H i(P2, S3F(−1)) = 0 for i > 0. Then

h0(P2, S3F(−1)) = χ(P2, S3F(−1)) = 12.

By (55) and (57) it follows that the inclusion in (56) is actually an equality. Geometrically, this
means that all the global sections of S3F(−1) vanish along the relative quadric Q′, that is the
surface X is the union of a relative quadric and a relative plane. Hence we cannot have an
irreducible triple cover with Tschirnhausen bundle F, and this case must be excluded.

Remark 3.15. Another way to describe triple planes of type VI is the following. Let X ′ be the blow-
up of P2 at 10 points, embedded in Gr(1, P3) as a surface of bidegree (3, 6) via the complete linear
system |7L −

∑10
i=1 2Ei |, see [G93, Theorem 4.2 (i)]. There is a family of 6-secant planes to X ′;

projecting from one of these planes, we obtain a birational model of the triple cover f : X → P2 (in
fact, X is the blow-up of X ′ at six points).

Remark 3.16. Triple planes of types VI were previously considered (using completely different, “clas-
sical" methods) by Du Val in [DuVal35].

3.7 Triple planes of type VII

In this case we have
K2

X = −7, b = 8, h= 22, g(H) = 6.

and by Theorem 2.12 the twisted Tschirnhausen bundle F has a resolution of the form

0 −→ OP2(−1)4
M
−→ O6

P2 −→ F −→ 0. (58)

By Remark 2.18, we can start the adjunction process on X by using the first adjoint divisor KX + H.
According to Subsection 1.3, we denote by αn the number of exceptional curves contracted by the
n-th adjunction map ϕn : Xn−1 → Xn. Recall that α1 is precisely the number of unstable lines of the
twisted Tschirnhausen bundle F, see §2.3.2.

3.7.1 The cases for type VII

Proposition 3.17. If f : X −→ P2 is a triple plane of type VII, then X belongs to the following list. The
cases marked with (∗) do actually exist.
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(VII.1a) α1 = 1, α2 = 14 : X is the blow-up at 15 points of a Hirzebruch surface Fn, with n ∈ {0, 2}, and

H = 5c0 +
�

5
2

n+ 6
�

f−
14
∑

i=1

2Ei − E15;

(VII.1b)(∗) α1 = 1, α2 = 15 : X is the blow-up of P2 at 16 points and

H = 8L −
15
∑

i=1

2Ei − E16;

(VII.2)(∗) α1 = 2 : X is the blow-up of P2 at 16 points and

H = 9L −
4
∑

i=1

3Ei −
14
∑

j=5

2E j −
16
∑

k=15

Ek;

(VII.3)(∗) α1 = 3 : X is the blow-up of P2 at 16 points and

H = 10L − 4E1 −
7
∑

i=2

3Ei −
13
∑

j=8

2E j −
16
∑

k=14

Ek;

(VII.4a) α1 = 4, α2 = 2 : X is the blow-up of Fn (with n ∈ {0, 1, 2, 3}) at 15 points and

H = 6c0 + (3n+ 8)f−
9
∑

i=1

3Ei −
11
∑

j=10

2E j −
15
∑

k=12

Ek;

(VII.4b)(∗) α1 = 4, α2 = 3 : X is the blow-up of P2 at 16 points and

H = 10L −
9
∑

i=1

3Ei −
12
∑

j=10

2E j −
16
∑

k=13

Ek;

(VII.4c) α1 = 4, α2 = 4 : X is the blow-up of P2 at 16 points and

H = 12L −
7
∑

i=1

4Ei − 3E8 −
12
∑

j=9

2E j −
16
∑

k=13

Ek;

(VII.5a) α1 = 5, α2 = 0 : X is the blow-up of P1 ×P1 at 15 points, and

H = 7L1 + 7L2 −
10
∑

i=1

3Ei −
15
∑

j=11

E j;

(VII.5b)(∗) α1 = 5, α2 = 1 : X is the blow-up of P2 at 16 points and

H = 12L −
6
∑

i=1

4Ei −
10
∑

j=7

3E j − 2E11 −
16
∑

k=12

Ek;

(VII.6)(∗) α1 = 6 : X is the blow-up of P2 at 16 points and

H = 13L −
10
∑

i=1

4Ei −
16
∑

j=11

E j;
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(VII.7)(∗) α1 = 7 : X is the blow-up of an Enriques surface at 7 points.

Proof. We have a birational morphism

ϕ|KX+H| : X → X1 ⊂ P5

and an intersection matrix
�

(D1)2 KX1
D1

KX1
D1 (KX1

)2

�

=
�

10 0
0 −7+α1

�

.

By Hodge Index Theorem we infer 0≤ α1 ≤ 7. Let us consider separately the different cases.

•α1 = 0. The second adjunction map gives a pair (X2, D2), such that the intersection matrix on
the surface X2 ⊂ P5 is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

3 −7
−7 −7+α2

�

.

This gives a contradiction, since a smooth surface of degree 3 in P5 is necessarily contained in a
hyperplane. Hence the case α1 = 0 cannot occur.

•α1 = 1. The second adjunction map gives a pair (X2, D2), such that the intersection matrix on
the surface X2 ⊂ P5 is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

4 −6
−6 −6+α2

�

.

A smooth, linearly normal surface of degree 4 in P5 is either a rational scroll or the Veronese surface.
In the former case we have (KX2

)2 = 8, hence α2 = 14 and, using the classification of rational scrolls
in P5 (see the proof of Proposition 3.7), we get (VII.1a). In the latter case we have (KX2

)2 = 9, hence
α2 = 15. This gives (VII.1b).

•α1 = 2. The second adjunction map gives a pair (X2, D2), such that the intersection matrix on
the surface X2 ⊂ P5 is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

5 −5
−5 −5+α2

�

.

In particular X2 has degree 5, hence it must be a Del Pezzo surface. So (KX2
)2 = 5, that is α2 = 10.

This gives (VII.2).

•α1 = 3. The second adjunction map gives a pair (X2, D2), such that the intersection matrix on
the surface X2 ⊂ P5 is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

6 −4
−4 −4+α2

�

.

The Hodge Index Theorem implies α2 ≤ 6. On the other hand, Theorem 1.4 implies (KX2
+D2)2 ≥ 0,

hence α2 ≥ 6. It follows α2 = 6, hence (KX2
+ D2)2 = 0. So X2 is a conic bundle of degree 6 and

sectional genus 2 in P5, containing precisely 6 reducible fibres because (KX2
)2 = 2. It turns out that

X2 is the blow-up of P2 at 7 points, embedded in P5 via the linear system

D2 = 4L − 2E1 −
7
∑

i=2

Ei ,

see [Io81]. This is case (VII.3).
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•α1 = 4. The second adjunction map gives a pair (X2, D2), such that the intersection matrix on
the surface X2 ⊂ P5 is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

7 −3
−3 −3+α2

�

.

The Hodge Index Theorem implies α2 ≤ 4, whereas the condition (KX2
+D2)2 ≥ 0 gives α2 ≥ 2; then

2≤ α2 ≤ 4.
� If α2 = 2 then by [Io84, p. 148] it follows that X2 is the blow-up at 9 points of Fn, with

n ∈ {0, 1, 2, 3}), and that

D2 = 2c0 + (n+ 4)f−
9
∑

i=1

Ei .

This is case (VII.4a).
� If α2 = 3 then the third adjunction map gives a pair (X3, D3) whose intersection matrix is

�

(D3)2 KX3
D3

KX3
D3 (KX3

)2

�

=
�

1 −3
−3 α3

�

.

This implies (X3, D3) = (P2, OP2(1)), so α3 = 9. This is case (VII.4b).
� If α2 = 4 then (X2, D2) is as in case (6) of Theorem 1.4. This is (VII.4c).

•α1 = 5. The second adjunction map gives a pair (X2, D2), such that the intersection matrix on
the surface X2 ⊂ P5 is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

8 −2
−2 −2+α2

�

.

Then the Hodge Index Theorem implies 0≤ α2 ≤ 2.
� If α2 = 0 then the third adjunction map gives a pair (X3, D3), where X3 ⊂ P3 and whose

intersection matrix is
�

(D3)2 KX3
D3

KX3
D3 (KX3

)2

�

=
�

2 −4
−4 −2+α3

�

.

Hence (X3, D3) = (P1 ×P1, OP1×P1(1, 1)), so in particular α3 = 10. This is case (VII.5a).
� If α2 = 1 then the third adjunction map gives a pair (X3, D3), with X3 ⊂ P3 and whose inter-

section matrix is
�

(D3)2 KX3
D3

KX3
D3 (KX3

)2

�

=
�

3 −3
−3 −1+α3

�

.

Therefore X3 = P2(p1, . . . , p6) is a smooth cubic surface, in particular α3 = 4 and D3 = 3L−
∑6

i=1 Ei .
This is case (VII.5b).
� If α2 = 2 then the third adjunction map gives a pair (X3, D3), with X3 ⊂ P3 and whose inter-

section matrix is
�

(D3)2 KX3
D3

KX3
D3 (KX3

)2

�

=
�

4 −2
−2 α3

�

.

Therefore X3 is a smooth quartic surface, a contradiction because we are assuming pg(X ) = 0. This
case cannot occur.

•α1 = 6. The second adjunction map gives a pair (X2, D2), such that the intersection matrix on
the surface X2 ⊂ P5 is

�

(D2)2 KX2
D2

KX2
D2 (KX2

)2

�

=
�

9 −1
−1 −1+α2

�

.

Then the Hodge Index Theorem implies 0≤ α2 ≤ 1.
� If α2 = 0 then the third adjunction map gives a pair (X3, D3), with X3 ⊂ P4 and whose inter-

section matrix is
�

(D3)2 KX3
D3

KX3
D3 (KX3

)2

�

=
�

6 −2
−2 −1+α3

�

.
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Then X3 is a smooth surface of degree 6 and sectional genus 3 in P4. Looking at the classification
given in [Io81] we see that X3 is a Bordiga surface, see Remark 3.10, so α3 = 0 and

D3 = 4L −
10
∑

i=1

Ei .

This gives case (VII.6).
� If α2 = 1 then the third adjunction map gives a pair (X3, D3), with X3 ⊂ P4 and whose inter-

section matrix is
�

(D3)2 KX3
D3

KX3
D3 (KX3

)2

�

=
�

7 −1
−1 α3

�

.

By Hodge Index Theorem we obtain α3 = 0, hence (KX3
)2 = 0. This is a contradiction, because the

unique non-degenerate, smooth rational surface of degree 7 in P4 has K2 = −2, see Remark 3.12.
So this case does not occur.

•α1 = 7. In this case the intersection matrix on the surface X1 ⊂ P5 is

�

(D1)2 KX1
D1

KX1
D1 (KX1

)2

�

=
�

10 0
0 0

�

.

The Hodge Index Theorem implies that KX1
is numerically trivial. So X1 is a minimal Enriques surface,

and X is the blow-up of X1 at 7 points. This yields (VII.7).

The proof of the existence for the cases marked with (∗) goes as follows. We first choose
α1 ∈ {1, . . . , 7}. According to Proposition 2.17, we need a rank two Steiner bundle F on P2 with
a resolution like (58) and α1 distinct unstable lines. There is a well-known explicit construction of
these bundles, described in Proposition 1.10.

Then, we take P(F) and we choose a sufficiently general global section η of L= OP(F)(3ξ−2`).
We do this by looking directly at the image Y of q : P(F) → P5, namely we consider η as a global
section of R(3), cf. §2.3. In this setting, Y is a Bordiga scroll of degree 6 in P5 defined by the minors
of order 3 of the 3× 4 matrix of linear forms N over P5 obtained via the construction of §2.3, i.e.

OP5(−1)4
N
−→ O3

P5 ,

and the zero locus of η is a cubic hypersurface of P5 containing the union of two surfaces S1 and S2
in Y , both obtained as the image via q of a divisor belonging to |OP(F)(`)|.

Concretely, S1 and S2 lie in the net generated by the rows of N , i. e. they can be defined by the
2× 2 minors of 4× 2 matrices obtained taking random linear combinations of these rows.

Now we compute the resolution of the homogeneous ideal defining S1∪S2 inP5, we take a general
cubic in this ideal and we consider the residual surface X1 in Y . The image of the first adjunction
map

ϕ|KX+H| : X → P5

is precisely X1, so that X is the blow-up of X1 at α1 points.
It remains to compute α2, or equivalently (KX2

)2. In order to do this, we observe that the second
adjunction map of X is defined by the restriction to X1 of the linear system |OY (2ξ − `)|, and this
in turn coincides with the restriction to X1 of the linear system generated by the six quadrics in the
ideal defining S1.

The image of X1 via this linear system is the surface X2, hence we compute (KX2
)2 by taking the

dual of the resolution of the homogeneous ideal of X2 in the target P5. All this, together with the
verification that X1 (and hence X ) is smooth, is done with the help of the Computer Algebra System
Macaulay2. In the Appendix at the end of the paper we carry out in detail the computation in the
case α1 = 1, whereas the complete scripts can be downloaded from the web-page of the second
author.
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Remark 3.18. In [Al88], Alexander showed the existence of a non-special, linearly normal surface
of degree 9 in P4, obtained by embedding the blow-up of P2 at 10 general points via the very ample
complete linear system

�

�

�

�

13L −
10
∑

i=1

4Ei

�

�

�

�

.

By using LeBarz formula, see [LeB90], we can see that Alexander surface has precisely one 6-secant
line. Projecting from this line to P2, one obtains a birational model of a general triple cover; it is
immediate to see that this corresponds to case (VII.6) in Proposition 3.17.

Remark 3.19. Let us say something more about case (VII.7). Since α1 = 7, we deduce that F has 7
unstable lines, hence it is a logarithmic bundle (see Proposition 1.10). In this situation, the surface X1
is a smooth Enriques surface of degree 10 and sectional genus 6 in P5, that is a so-called Fano model.
Actually, one can check that X1 is contained into the Grasmannian Gr(1, P3) as a Reye congruence, i.e.
a 2-dimensional cycle of bidegree (3, 7), see [G93, Theorem 4.3]. In particular, X1 admits a family
of 7-secant planes, and the projection from one of these planes provides a birational model of the
triple cover f : X → P2 (in fact, X is the blow-up of X1 at 7 points).

For more details about Fano and Reye models, see [Cos83,CV93].

3.7.2 Some further considerations on triple planes of type VII

We mentioned in the previous subsection that we are able to construct many, but not all cases of
triple planes of type VII (see Proposition 3.17). We conjecture that the remaining cases do not exist.
More precisely, our expectation is that the values of α1 and α2 should necessarily satisfy the rule:

α2 =
�

7−α1

2

�

.

Let us explain now what is the geometrical motivation beyond our conjecture.
The second adjunction map ϕ2 : X1→ X2 ⊂ P5 can be lifted to the map ζ: P(F)→ P5 associated

with the linear system |OP(F)(2ξ− `)|. Note that

H0(P(F),OP(F)(2ξ− `))' H0(P2, S2F(−1))' ∧2W ∗,

where the second isomorphism is obtained taking global sections in the second exterior power of the
short exact sequence defining F, namely

0→∧2W ∗ ⊗OP2(−3)→W ∗ ⊗ U ⊗OP2(−2)→ S2U ⊗OP2(−1)→ S2F(−1)→ 0.

One can show that the projective closure Y ′ of the image of the map ζ: P(F) ¹¹Ë P(∧2W ∗) is
contained in the Plücker quadric G = Gr(1, P(W ∗)) and that Y ′ is the degeneracy locus of a map
on G defined by the tensor φ ∈ U ⊗ V ⊗W considered in §1.4.1. More precisely, denoting by U

the tautological rank two subbundle on G, once noted that H0(G, U∗) = W we see that φ gives a
morphism

V ∗ ⊗U→ U ⊗OG.

The variety Y ′ is the vanishing locus of the determinant of this morphism, so that Y ′ can be
expressed as a complete intersection of the Plücker quadric and a cubic hypersurface in P5.

The locus where this morphism has rank≤ 4 is contained in the singular locus of Y ′ and coincides
with it for a general choice of F. By Porteous’ formula, for such a general choice we expect that Y ′ has
21 singular points. One can see that these points are precisely the images of the sections of negative
self-intersection of the Hirzebruch surfaces in P(F) lying above the smooth conics in P2 where F

splits as OP1(1)⊕OP1(7), once chosen an isomorphism to P1 (it would be natural to call these conics
unstable conics, and the argument above shows that generically one has 21 of them).

Also, the indeterminacy locus of ζ is exactly the union of the sections of negative self-intersection
on the Hirzebruch surfaces above the unstable lines of F. So, α1 and α2 should depend only on F

and not on X , and moreover α1 should determine α2. However, it is not clear yet how the number of
unstable lines determines the precise number of unstable conics. We plan to investigate this in the
future.
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4 Moduli spaces

In this section we will briefly describe some moduli problems related to our triple planes. For b ∈
{2, 3, 4} we set

Eb :=







OP2(−1)⊕OP2(−1) if b = 2

OP2(−1)⊕OP2(−2) if b = 3

OP2(−2)⊕OP2(−2) if b = 4,

whereas for b ∈ {5, 6, 7, 8} we denote by Eb a rank 2 Steiner bundle on P2 having minimal free
resolution of the form

0 −→ OP2(1− b)b−4 −→ OP2(2− b)b−2 −→ Eb −→ 0.

Then, for any b ∈ {2, . . . , 8}, we define two spaces Nb and Mb as follows:

Nb =

�

(Eb, η)

�

�

�

�

η ∈ PH0(P2, S3E∗b ⊗∧
2Eb) and D0(η) provides a general triple

plane with pg = q = 0 and Tschirnhausen bundle Eb

�

/'

Mb =

�

(Eb, η)

�

�

�

�

η ∈ PH0(P2, S3E∗b ⊗∧
2Eb) and D0(η) provides a general triple

plane with pg = q = 0 and Tschirnhausen bundle Eb

�

/∼=

Here we set (Eb, η)' (E′b, η′) if and only if there is an isomorphism Φ: E→ E′ such that Φ∗η′ = η
and the following diagram commutes

Eb
Φ

−−−−→ E′b




y





y

P2 id
−−−−→ P2.

whereas (Eb, η) ∼= (E′b, η′) if and only if there is an isomorphism Φ: E→ E′ and an automorphism
λ: P→ P such that Φ∗η′ = η and the following diagram commutes

Eb
Φ

−−−−→ E′b




y





y

P2 λ
−−−−→ P2.

We have Mb =Nb/PGL3(C), because the equivalence (Eb, η) ∼= (E′b, η′) is obtained from (Eb, η) '
(E′b, η′) via the natural PGL3(C)-action on the base. Note that, with the terminology of [HuyLehn10,
Chapter 4], the pair (Eb, η) is a framed sheaf.

Given a general triple plane f : X → P2 branched over a curve of degree 2b, by Theorems 1.2
and 2.12 we can functorially associate to (X , f ) a framed sheaf (Eb, η), and conversely. In other
words, considering the set of framed sheaves (Eb, η) up to the equivalence relation ' or ∼= defined
above is actually equivalent to considering the set of pairs (X , f ) up to the corresponding, obvious
equivalence relation.

Thus, from this point of view, Mb can be identified with the moduli space of the pairs (X , f ) up
to isomorphisms, and Nb with the moduli space of the pairs (X , f ) up to cover isomorphisms.

In the sequel, we will use interchangeably the above notation Nb and Mb, with b ∈ {2, . . . , 8}, and
the notation Ni and Mi , with i ∈ {I, . . . , VII}. In each case, the moduli space Nb can be constructed
as follows:

• take the versal deformation space Def(Eb) of Eb;

• stratify Def(Eb) in such a way that H0(P2, S3E∗b ⊗ ∧
2Eb) has constant rank and consider the

locally trivial projective bundle over each stratum whose fibres are given by PH0(P2, S3E∗b ⊗
∧2Eb);

• consider the quotient of this projective bundle by the natural action of the group Aut(Eb).
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In order to obtain Mb, we must further take the quotient of the above moduli space by the natural
action of PGL3(C). In particular, the expected dimensions of Nb and Mb will be given by

exp-dimNb = dimDef(Eb) + h0(P2, S3E∗b ⊗∧
2Eb)− dimAut(Eb),

exp-dimMb = dimDef(Eb) + h0(P2, S3E∗b ⊗∧
2Eb)− dimAut(Eb)− 8.

(59)

From now on, we will simply write E instead of Eb if no confusion can arise.
Let us first consider cases I, II, III. Here E splits as a sum of two line bundles and it is rigid, in fact

dim Def(E) = dim Ext1(E, E) = h1(P2, E∗ ⊗E) = 0.

Theorem 4.1. The following holds:

(1) the moduli space MI consists of a single point;

(2) the moduli space MII is unirational of dimension 7;

(3) the moduli space MIII is unirational of dimension 12.

Proof. (1) In case I we have E = OP2(−1)⊕OP2(−1), so an automorphism of E is given by a 2× 2
scalar invertible matrix and this shows that Aut(E) = GL2(C). Moreover

h0(P2, S3E∗ ⊗∧2E) = h0(P2, OP2(1)4) = 12,

hence (59) yields
exp-dimMI = 12− 4− 8= 0.

This number coincides with the effective dimension dim MI. In fact, the branch curve B ⊂ P2 is in
this case a 3-cuspidal plane quartic curve, which is unique up to projective transformations. By a
standard monodromy argument this implies that there exist at most finitely many triple planes of
type I up to isomorphisms, and their number equals the number of group epimorphisms

π1(P
2 − B)→ S3

up to conjugation. Now, it is well-known that

π1(P
2 − B) = B3(P

2) = 〈α, β | α3 = β2 = (βα)2〉,

see [Dim92, Chapter 4], and this group has a unique epimorhism to S3 up to conjugation. Thus MI
consists of a single point.

(2) In case II, E= OP2(−1)⊕OP2(−2). So an automorphism of E is given by a 2× 2 matrix

A=
�

λ1 L
0 λ2

�

,

where λ1, λ2 are non-zero scalars and L is a linear form in the homogeneous coordinates x0, x1, x2,
and this yields dim Aut(E) = 5. Moreover

h0(P2, S3E∗ ⊗∧2E) = h0
�

P2,
3
⊕

k=0

OP2(k)
�

= 20,

hence (59) implies
exp-dimMII = 20− 5− 8= 7.

This numbers equals the effective dimension dim MII. In order to see this, recall that in this case the
branch locus B ⊂ P2 is a plane sextic curve with six cusps lying on the same conic. Each such a curve
can be written as

( f2)
3 + ( f3)

2 = 0, (60)
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where fk denotes a homogeneous form of degree k, and the construction depends on

6+ 10− 1− dim PGL3(C) = 7

parameters. The same monodromy argument used in part (1) shows that this also computes the
effective dimension dim MII. More precisely, we can see that every fixed curve B of equation (60)
is the branch locus of a unique triple cover up to isomorphisms, namely the one whose birational
model is provided by the hypersurface

z3 + bz + c = 0,

where b = − f2/
3p4 and c = f3/

p
−27. In fact, we have

π1(P
2 − B) = (Z/2Z) ∗ (Z/3Z) = 〈α, β | α3 = β2 = 1〉,

see again [Dim92, Chapter 4], and this group has a unique epimorhism to S3 up to conjugation.

(3) In case III we have E = OP2(−2)⊕OP2(−2). So, as in case (1), the automorphism group of
E is isomorphic to GL2(C). Moreover

h0(P2, S3E∗ ⊗∧2E) = h0
�

P2, OP2(2)4
�

= 24,

hence (59) implies
exp-dimMIII = 24− 4− 8= 12.

This number coincides with the effective dimension dim MIII. In fact, in this case X is the blow-up
at 9 points of Fn, with n ∈ {0, 1, 2, 3}. The stratum of maximal dimension corresponds to the value
of n such that Aut(Fn) = H0(Fn, TFn

) has minimal dimension, namely to n= 0 for which we have

dim MIII = 2 · 9− dim Aut(Fn) = 18− 6= 12.

We now start the analysis of the cases IV, . . . , VII, where E is indecomposable. Using the notation
introduced in Section 2, we will write F = E(b− 2), so that F fits into the short exact sequence

0 −→ OP2(−1)b−4 −→ Ob−2
P2 −→ F −→ 0.

Thus Def(E) = Def(F) and

H0(P2, S3E∗ ⊗∧2E) = H0(P2, S3F(6− b)).

The vector bundle F is stable (Theorem 2.12), so Aut(F) = C∗; its deformation space Def(F) is
described for instance in [Ca02], and we have

dim Def(F) = 3(b− 4)(b− 2)− 1= (b− 1)(b− 5).

Then (59) yields

dim Nb = exp-dimNb = (b− 1)(b− 5) + h0(P2, S3F(6− b))− 1,

exp-dimMb = (b− 1)(b− 5) + h0(P2, S3F(6− b))− 9.
(61)

Furthermore, the equality exp-dimMb = dim Mb holds if and only if PGL3(C) acts on Nb with
generically finite stabilizer.

Theorem 4.2. For i ∈ {IV, V, VI} the moduli space Ni is rational and irreducible, while Mi is unira-
tional of dimension dim Ni − 8, where

(4) dim NIV = 23;

(5) dim NV = 24;
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(6) dim NVI = 23.

Moreover

(7) the moduli space NVII has at least seven connected components, all of dimension 20, that are
distinguished by the number α1 ∈ {1, . . . , 7} of unstable lines for F.

Proof. Although some arguments are uniform, we prefer to articulate the proof into a a case-by-case
analysis in order to better describe the interesting geometrical details.

(4) In case IV, i.e. b = 5, we use Proposition 3.7 and the arguments exploited in its proof.
We have F = TP2(−1) and a natural identification

H0(P2, S3F(1)) = H0(P2∗, TP2∗(2)) = C24. (62)

Then (61) implies

dim NIV = exp-dimNIV = 0+ 24− 1= 23,

exp-dimMIV = 0+ 24− 9= 15.
(63)

In fact, the bundle F is rigid, stable and unobstructed, hence its moduli space is a single reduced
point. Consequently, the triple cover f : X → P2 only depends on the section η, so by (62) we
deduce that NIV is an open, dense subset of P23.

It remains to show that exp-dimMIV = dim MIV, or equivalently that PGL3(C) acts on P23 =
PH0(P2∗, TP2∗(2)) with generically finite stabilizer. Take η ∈ P23 and let G = Gη ⊂ PGL3(C) be its
stabilizer. Every projectivity in G must preserve the 0-dimensional subscheme Z(η) ⊂ P2∗, which
generically consists of 13 reduced points, so we obtain a group homomorphism

ψ: G→ S13.

Since 23 > 2 · 4, we see that (any subset of) four points of P2∗ in general position can be contained
in Z(η) for a suitable choice of η. On the other hand, any projectivity of P2∗ fixing four points in
general position is necessarily the identity, and this in turn implies that ψ is injective for our choice
of η. Thus G is generically a finite group and we are done.

(5) In case IV, i.e. b = 5, we use Proposition 3.11 and the arguments exploited in its proof.
We know that there is a conic W (F) ⊂ P2∗ of unstable lines for F. Associating F with such a conic,

we can identify the moduli space of F with the open subset U ⊂ P5 consisting of smooth conics via
the Veronese embedding. There is a natural identification

H0(P2, S3F(6− b)) = H0(P3, OP3(3)) = C20,

so (61) implies

dim NV = exp-dimNV = 5 · 1+ 20− 1= 24,

exp-dimMV = 5 · 1+ 20− 9= 16.
(64)

In fact, NV is a rational variety, because it can be identified with an open dense subset of a locally
trivial P19-bundle over U.

It remains to show that exp-dimMV = dim MV, or equivalently that PGL3(C) acts on the set of
pairs (F, η) with generically finite stabilizer. Let G = G(F,η) ⊂ PGL3(C) be the stabilizer of (F, η).
Then every element g ∈ G must fix F, and hence the conic W (F). By [FulHa91, p. 154], any
automorphism of Pn that preserves a rational normal curve Cn is precisely PGL2(C), so G is embedded
into a copy of PGL2(C) inside PGL3(C). On the other hand, g fixes η ∈ H0(P3, OP3(3)), hence it
fixes the cubic surface S ⊂ P3. Since the conic W (F) corresponds to the twisted cubic C , it follows
that g must preserve the nine points in the intersection S ∩ C . This shows that there is a group
homomorphism

ψ: G→ S9,
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that must be injective since an element of PGL2(C) fixing more than 3 points in general position is
necessarily the identity. So G is a subgroup of S9, hence a finite group.

A related, but slightly different way to compute dim MV is the following. The surface X is the
blow-up of a smooth cubic surface S ⊂ P3 at the nine points given by the intersection of S with the
twisted cubic curve C . Now the group PGL4(C) naturally acts on the product HilbP3(S)×HilbP3(C),
and there is a group homomorphism from the stabilizer eG of a point (S, C) to Aut(S) × Aut(C).
If S is general then its automorphism group is trivial (and in any case it is finite, see for instance
[Ko88, Hos97]), so again by [FulHa91, p. 154] we have an injective group homomorphism eG →
Aut(C) = PGL2(C). On the other hand, any element of eG must preserve the nine intersection points
of S and C , so we deduce as before that eG is a finite group and we obtain

dim MV = dim HilbP3(S) +HilbP3(C)− dim PGL4(C) = 19+ 12− 15= 16.

(6) In case VI, i.e. b = 7, we use Proposition 3.14 and the arguments exploited in its proof.
In this case F is a logarithmic bundle associated with six lines of P2, and its moduli space is an

open dense subset U of the Hilbert scheme of six points of P2∗ (in particular, for the general bundle
F such points are in general position). There is a natural identification

H0(P2, S3F(6− b)) = H0(P4, R(3)) = C12,

where the sheaf R(3) fits into the short exact sequence (50). Then (61) implies

dim NVI = exp-dimNVI = 6 · 2+ 12− 1= 23,

exp-dimMVI = 6 · 2+ 12− 9= 15.
(65)

In fact, NVI is a rational variety of dimension 23, occurring as a dense subset of a locally trivial
P11-bundle over U.

We can give another geometrical interpretation of the equality exp-dimMVI = 15 as follows. The
surface X is the blow-up of a Bordiga surface X1 ⊂ Y , where Y is a determinantal cubic 3-fold in P4,
at the six nodes of Y , see Proposition 3.14. Since Y is given by a 3× 3 matrix of linear forms in the
homogeneous coordinates x0, . . . , x4, it depends on

(3 · 3 · 5− 1)− 2 · dim PGL3(C) = 28

parameters. On the other hand, X1 moves into a 11-dimension linear system |X1| inside Y , so the
construction depends on

28+ 11− dim PGL4(C) = 15

parameters, which is consistent with (65).
It only remains to show that exp-dimMVI = dim MVI, or equivalently that PGL3(C) acts on the set

of pairs (F, η) with generically finite stabilizer. Let G = G(F,η) ⊂ PGL3(C) be the stabilizer of (F, η).
Then every element g ∈ G must fix F, and hence the set of its six unstable lines. Consequently, g
permutes the corresponding six points in P2∗, so we have a group homomorphism

ψ: G→ S6.

The kernel of ψ is given by those elements in G that fix the set of six points pointwise. On the other
hand, G is a subgroup of PGL2(C), and any element in the last group fixing more than four points in
general position must be the identity. This means that, for a general choice of F, the homomorphism
ψ is injective, hence G is isomorphic to a subgroup of S6 and our claim is proven.

(7) Let us finally consider case VII, i.e. b = 8. Proposition 3.17 shows the existence of seven
families of triple planes, one for each value of the number α1 ∈ {1, . . . , 7} of unstable lines of F.
Such families necessarily belong to pairwise distinct connected components

N1
VII, . . . ,N7

VII
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of NVII, because α1 coincides with the number of lines contracted by the first adjunction map of X ,
and such a number is an invariant of the triple cover.

Let us consider the 21-dimensional (rational) moduli space MP2(2, 4, 10) of rank-2 stable bundles
on P2 with Chern classes (4, 10) and having a Steiner-type resolution, and let Uα1 ⊂ MP2(2, 4, 10)
be the stratum corresponding to vector bundles having α1 unstable lines. The codimension of this
stratum is precisely α1.

Our computations with Macaulay2 show that there exist examples of bundles F with α1 unstable
lines and satisfying

h0(P2, S3F(−2)) = α1, (66)

so, by Proposition 1.12 and semicontinuity, equality (66) holds for the general member of the stratum
Uα1 . Thus, for every α1 ∈ {1, . . . , 7} we obtain

dim N
α1
VII = dimUα1 + h0(P2, S3F(−2))− 1= (21−α1) +α1 − 1= 20,

and this completes the proof.

Remark 4.3. We could also given a geometric interpretation of the equality dim N
α1
VII = 20 by using in

each case the explicit description of the surface X provided by Proposition 3.17. We will not develop
this point here, and we limit ourselves to discussing as an example the case α1 = 6. In this situation,
we know that X is isomorphic to the blow-up at six points of an Alexander surface of degree 9 in
P4, see Remark 3.18. Such points are the intersection of the Alexander surface with its unique 6-
secant line, and they completely determine the triple cover map f : X → P2. So the dimension of the
component N6

VII equals the dimension of an open, dense subset of S10(P2), that is 20.

Appendix: an example of Macaulay2 script

In this appendix we explain how we used the Computer Algebra System Macaulay2 in order to show
the existence of triple planes in the cases marked with (∗) in Proposition 3.16. We explain in detail
the script used in case (VII.1b), where α1 = 1; all the others (easily obtained by modifying the one
below) can be downloaded from the web-page of the second author, at the url

https://sites.google.com/site/francescopolizzi/publications.
In order to speed up the computations, we work over a finite field; however, we can also work

over Q, by replacing the first line with k=QQ. The lines written in black are input lines, the lines
written in red are output lines.

We start by constructing the 6×4 matrix of linear forms M defining the Steiner bundle F, that is

0→ OP2(−1)4
M
−→ O6

P2 −→ F→ 0.

Note that we can impose the existence of a single unstable line for F by using Proposition 1.9. Then,
transposing this resolution as explained in Subsection 1.4, we obtain the 3×4 matrix of linear forms
defining the Steiner sheaf G, namely

0→ OP5(−1)4
N
−→ O3

P5 −→ G→ 0.

b=8;
k = ZZ/32003;
R2 = k[x_0..x_2]
h0 = matrix({{x_0}})
M0 = h0**random (R2^^{4:0},R2^{1:0});
M1 = random (R2^{4:0},R2^{5:-1});
M = matrix({{M0,M1}});
MM = map(R2^{b-4:1},R2^{b-2:0},M);
F = coker transpose MM;
HH^0 (sheaf F)
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Now we construct the threefold Y , image of the morphism q : P(F)→ P5, and we check that it
has degree 6 and precisely one singular point.

S = k[y_0..y_(b-3)]
R = R2 ** S
Q = substitute(vars S,R) * (substitute(transpose(M),R));
N = substitute((coefficients(Q,Variables=>{x_0,x_1,x_2}))_1,S);
IY = minors(rank target N,N);
degree IY
singY = ideal singularLocus IY;
IY2 = minors((rank target N)-1,N);
(dim singY, degree singY)
(dim IY2, degree IY2)
dim(singY:IY2), degree(singY:IY2)
isSubset((singY:IY2),IY2)
(singY:IY2):IY2
singY = radical ideal singularLocus Y;
dim variety singY, degree variety singY

Let us consider the union of two general divisors S1, S2 on Y belonging to the net generated by
the rows of N , and compute the resolution of the corresponding homogeneous ideal in P5.

A = matrix random(S^{3:0},S^{3:0})
N = transpose(N)*A;

N1 = submatrix(N, {0,1});
N2 = submatrix(N, {0,2});
IS1 = minors(2, N1);
IS2= minors(2, N2);
I12 = intersect(IS1,IS2);

betti res I12

0 1 2 3 4 5
total : 1 20 53 56 27 5

0 : 1 . . . . .
1 : . . . . . .
2 : . 5 3 . . .
3 : . 15 50 56 27 5

The output shows that such a homogeneous ideal is generated by 5 cubics and 15 quartics. The
image X1 of X via the first adjunction map ϕ|D| : X → P5 can be obtained by taking a random cubic
containing S1 ∪ S2 and considering the residual surface in Y . It is a surface of degree 10.

G=submatrix(mingens I12, , {0..4});
IC3 = ideal(G*random(S^{5:0},S^{0}));
IX1 = ((IC3 + IY):I12);

X1 = variety(IX1);
dim X1, degree X1

(2, 10)

We check that X1 has arithmetic genus 0 and sectional genus 6. Then we show that X1 is smooth
and irreducible, that it contains the singular locus of Y and that pg(X1) = q(X1) = 0.
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genera X1

(0, 6, 9)

dim singularLocus X1, degree singularLocus X1

(-infinity, 0)

isSubset(IX1, IY2)

true

X=X1
rank HH^0(OO_X), rank HH^1(OO_X), rank HH^2(OO_X)

(1, 0, 0)

Finally, we want to calculate α2, i.e. the number of exceptional lines contracted by the second
adjunction map ϕ2 : X1→ X2 ⊂ P5. This is equivalent to find (KX2

)2, and the corresponding compu-
tation can be carried out as follows. First, we construct the homogeneous ideal of X2 and we check
that X2 has degree 4.

RX = S/IX1;
scroll1 = variety IS1;
I1X = saturate substitute (ideal (scroll1),RX);
T = k[t_0..t_5];
IX2 = ker map(RX,T,gens I1X);
X2 = variety IX2;
degree IX2

4

Then we construct the dualizing sheaf ωX2
= OX2

(KX2
), that allows us to compute by Riemann-

Roch theorem (KX2
)2 as χ(2KX2

)− 1.

omegaX2 = \Ext^2(IX2,T^{1:-6});
RX2 = T/IX2;
omega2X2 = omegaX2**RX2;
K2 = euler(dual omega2X2)-1

9

This shows that K2
X2
= 9, hence α2 = 15 and X belongs to case (VII.1b).
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(Cited on page 30.)

[BHPV04] W. Barth, K. Hulek, C. Peters, A. Van de Ven: Compact Complex Surfaces, Springer-Verlag
2004. (Cited on page 13.)

[B83] A. Beauville: Complex algebraic surfaces, Cambridge University Press (1983). (Cited on
page 14.)

38



[BeSo95] M. Beltrametti, A. J. Sommese: The adjunction theory of complex projective varieties, De
Gruyter Expositions in Mathematics 16 (1995). (Cited on page 4.)

[Br42] J. Bronowski: On triple planes (II), J. London Math. Soc. 17 (1942), 24-31. (Cited on
pages 1, 12.)

[Ca02] P. Cascini: On the moduli space of the Schwarzenberger bundles, Pacific J. Math. 205
(2002), no. 2, 311–323. (Cited on page 33.)

[CasEk96] G. Casnati, T. Ekedahl: Covers of algebraic varieties I, J. Algebraic Geom. 5 (1996), 439-
460. (Cited on pages 1, 3, 11.)

[Cos83] F. R. Cossec: Reye congruences, Trans. Amer. Math. Soc. 280 (1983), 737-751. (Cited on
page 30.)

[CV93] A. Conte, A. Verra: Reye constructions for nodal Enriques surfaces, Trans. Amer. Math. Soc.
336 (1993), 79-100. (Cited on page 30.)

[DES93] W. Decker, L. Ein, F. O. Schreyer: Construction of surfaces in P4, J. Algebraic Geom. 2
(1993), 185-237. (Cited on page 4.)

[DK93] I. Dolgachev, M. Kapranov: Arrangements of hyperplanes and vector bundles on Pn, Duke
Math. J. 71, (1993), 633-664. (Cited on page 8.)

[Dim92] A. Dimca: Singularities and Topology of Hypersurfaces, Springer Universitext 1992. (Cited
on pages 32, 33.)

[DuVal33] P. Du Val: On triple planes having branch curves of order not greater than twelve, J.
London Math. Soc. 8 (1933), 199-206. (Cited on pages 1, 22.)

[DuVal35] P. Du Val: On triple planes whose branch curves are of order fourteen, Proc. London Math.
Soc. (2) 39 (1935), 68-81. (Cited on pages 1, 25.)

[Fr98] R. Friedman: Algebraic surfaces and holomorphic vector bundles. Universitext, Springer
1998. (Cited on page 20.)

[FS01] D. Faenzi, J. Stipins: A small resolution for triple covers in algebraic geometry, Le Matem-
atiche (Catania) 56 (2003), 257-267. (Cited on page 3.)

[FV12] D. Faenzi, J. Vallès: Logarithmic bundles and line arrangments: an approach via the stan-
dard construction, J. Lond. Math. Soc. (2) 90 (2014), no. 3, 675-694. (Cited on page
13.)

[Fu90] T. Fujita: Classification theories of polarized varieties, London Mathematical Society Lecture
Notes Series 155 (1990). (Cited on pages 2, 12.)

[FulHa91] W. Fulton, J. Harris: Representation Theory - A first course, Graduate Texts in Mathematics
129, Springer 1991. (Cited on pages 34, 35.)

[G93] M. Gross: Surfaces of bidegree (3, n) in Gr(1, P3), Math. Z. 212 (1993), 73-106. (Cited
on pages 2, 17, 18, 20, 22, 25, 30.)

[Gr] A. Grothendieck: Théorèmes de dualité pour les faisceaux algébriques cohérents, Sémi-
naire Bourbaki 1956-1958, exp. 149, 169-193. (Cited on page 23.)

[H77] R. Hartshorne: Algebraic Geometry, Graduate Texts in Mathematics 52, Springer 1977.
(Cited on pages 4, 15.)

[Har92] J. Harris: Algebraic Geometry, Graduate Texts in Mathematics 133, Springer 1992. (Cited
on page 3.)

39



[Hop84] H. J. Hoppe: Generischer Spaltungstyp und zweite Chernklasse stabiler Vektorraumbundel
vom Rank 4 auf P4, Math. Z. 187 (1984), 345-360. (Cited on page 14.)

[Hos97] T. Hosoh: Automorphism groups of cubic surfaces, J. Algebra 192 (1997), 651-677. (Cited
on page 35.)

[Huy06] D. Huybrechts: Fourier-Mukai transform in algebraic geometry, Oxford University Press
(2006). (Cited on page 14.)

[HuyLehn10] D. Huybrechts, M. Lehn: The Geometry of Moduli Spaces of Sheaves (second edition),
Cambridge University Press (2010). (Cited on page 31.)

[Io81] P. Ionescu: Variétés projective lisses de degrés 5 et 6, C. R. Acad. Sc. Paris 293 (1981),
685-687. (Cited on pages 27, 29.)

[Io84] P. Ionescu: Embedded projective varieties of small invariants, Algebraic Geometry
(Bucharest 1982), Lecture Notes in Math. 1056 (1984), 142-186. (Cited on pages 18,
28.)

[Iv70] B. Iversen: Numerical invariants and multiple planes, Amer. J. Math. 92 (1970), 968-996.
(Cited on page 13.)

[Ko88] M. Koitabashi: Automorphism groups of generic rational surfaces, J. Algebra 116 (1988),
130-142. (Cited on page 35.)

[LaPa84] A. Lanteri, M. Palleschi: About the adjunction process for polarized algebraic surfaces, J.
Reine Angew. Math. 352 (1984), 15-23. (Cited on page 4.)

[LeB90] P. LeBarz: Quelques formules multisécantes pour les surfaces, Enumerative geometry
(Sitges, 1987), Lecture Notes in Mathematics 1436, Springer, Berlin (1990), 155-188.
(Cited on page 30.)

[Mac2] http://www.math.uiuc.edu/Macaulay2/ (Cited on page 2.)

[Mi85] R. Miranda: Triple covers in algebraic geometry, Amer. J. Math. 107 (1985), 1123-1158.
(Cited on pages 1, 3, 11.)

[Ott95] G. Ottaviani: Varietà proiettive di codimensione piccola, Quaderni dell’Indam 22, Aracne
Editrice 1995. (Cited on pages 20, 22, 24.)

[Ok84] C. Okonek: Über 2-codimensionale Untermannigfaltigkeiten vom Grad 7 in P4 und P5,
Math. Z. 187 (1984), 209-219. (Cited on page 22.)

[OkSchSp88] C. Okonek, M. Schneider, H. Spindler: Vector bundles on complex projective spaces,
Progress in Mathematics 3, Second Edition, Birkäuser 1988. (Cited on page 9.)
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